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◮ God (=expert, 
lient, s
ientist, engineer. . . ) says
◮ Zermelo-Fraenkel holds
◮ Does the theorem "blabla" hold ?

◮ What do you reply ?
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◮ God (=expert, 
lient, s
ientist, engineer. . . ) says
◮ Zermelo-Fraenkel holds
◮ Does the theorem "blabla" hold ?

◮ It depends on blabla (and on your 
omputational power):
◮ If ZF proves "blabla", then you reply "yes".
◮ If ZF proves "not blabla", then you reply "no".
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◮ God (=expert, 
lient, s
ientist, engineer. . . ) says
◮ Zermelo-Fraenkel holds
◮ Does the theorem "blabla" hold ?

◮ It depends on blabla (and on your 
omputational power):
◮ If ZF proves "blabla", then you reply "yes".
◮ If ZF proves "not blabla", then you reply "no".
◮ Otherwise ? . . .Unfortunately, Godel's theorem ensures that God 
an �nd aquestion in the bad 
ase.
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◮ God (=expert, 
lient, s
ientist, engineer. . . ) says
◮ Zermelo-Fraenkel holds
◮ Does the theorem "blabla" hold ?

◮ It depends on blabla (and on your 
omputational power):
◮ If ZF proves "blabla", then you reply "yes".
◮ If ZF proves "not blabla", then you reply "no".
◮ Otherwise ? . . .

◮ God is not happy, but he is gentle. He tells you that "blabla"holds.
◮ God aks: is "blabla2" true ?Essentially unde
idable systems (e.g. ZF!): God 
an �nd a"blabla2" for whi
h you have no answer!5



◮ Ok, we 
an not win if God is an adversarial, by essentialunde
idability.
◮ What if God is a distribution of probability ?

⇒ (blablan)n∈N independently identi
ally distributed sequen
eof statements.
◮ At whi
h rate 
an you rea
h a probability 1 ?We show that if you indu
e+dedu
e axioms, you will 
onvergefaster than if you dedu
e.
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Indu
tive/dedu
tive systems
• Learning to Reason [Khardon and Roth 97℄
• Indu
tion vs Dedu
tion:

◮ dedu
tion: ∀n, C (n) leads to C (1), C (2), . . .

◮ indu
tion: C (1),C (3),C (7),¬C (4),¬C (6),leads to C (2n + 1) ∧ ¬C (2n)
• Indu
tive/dedu
tive system:

◮ e1, . . . , en available statements
◮ the algorithm reads e1, . . . , en and outputs a theory T
◮ if T does not prove en+1, then T is not satisfa
tory.
◮ if T is not 
onsistent, then T is not satisfa
tory.7



Why a probabilisti
 analysis ?
• Question: Does T prove en+1 ?
• Worst 
ase: in
ompleteness theorem (Gödel)there exists a statement en+1 su
h that:- T does not prove en+1- and T does not prove ¬en+1

⇒ for this 
riterion, all algorithms are equivalent:they always have a 
ounter-example!
• Questions:is a statisti
al analysis possible ?
an one estimate proba(trouble) ?8



Outline
ContextTheoremsImpli
ations for Turing-
omputable approximationsCon
lusion

9



PAC learning [Vapnik et al. 74℄
• Analysis of the indu
tive power
• Z a domain of examples and F ⊂ P(Z )

◮ X ⊂ Z is � shattered � by F
⇐⇒ ∀X ′ ⊂ X ∃f ∈ F su
h that X ′ = f ∩ X

◮ VC-dim of F : maximal 
ardinal of a set shattered by F
• If e1, . . . , en, . . . are independent and identi
ally distributed,generated in some unknown "target" theory,and if F :

◮ has �nite VC-dim ⇒ probability of "trouble" O(V /n)
◮ does not shattered an in�nite set

⇒ in some 
ases O(V (target)/n)
◮ shatters an in�nite set

⇒ arbitrarily slow 
onvergen
e10



Formalization, 1
• Modelization

◮ 
onsider ζ an essentially unde
idable set of axioms
◮ 
onsider a set of axioms En = {e1, . . . , en}(independent identi
ally distributed a

ording to M, 
onsistentwith ζ)
◮ the algorithm reads En and outputs An su
h thatAn, ζ ⊢ En = {e1, . . . , en}

• We study:
◮ un
ompleteness: Ln = M({e | An, ζ 6⊢ e})
◮ 
ompa
tness DL(An) : des
ription length of An11



Formalization, 2
• Three families of algorithms:

◮ dedu
tion: An = En
◮ dedu
tion with pruning: An ⊂ En, minimal
◮ indu
tion+dedu
tion: An as �small� as possibleAn not ne
essarily in
luded in En

• Parti
ular 
ases:
◮ ζ 
omplete, then Ln = 0 (An = ∅)
◮ ζ ess. unde
idable, worst 
ase on en, then ∀n, Ln = 1(Gödel's theorem)

• What happens if (i) ess. unde
idable (ii) probability instead ofworst 
ase ? 12
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Fundamental theorem
• Consider ζ an essentially unde
idable set of axioms.
• Consider T ′ the set of 
onsistent theories in
luding ζ,

⇒ T ′ shatters an in�nite set ⇒ disaster.
• Consider T ⊂ T ′ the set of theories generated by an axiom setwith �nite des
ription length,

⇒ T has an in�nite VC-dimension ⇒ depends on thealgorithm.
14



Sket
h of the proof
• Build an in�nite sequen
e of statements {li}shattered by T

ζ e1
¬e3
e2
e3 e5e6e4

¬e6¬e7
¬e2¬e1 e7

¬e4¬e5
• not the same statements on the left and on the right!
⇒ Modify the tree 15



Sket
h of the proof
• l1 = e1, r1 = ¬e1, l2 = e1e2 ∨ ¬e1e3, r2 = e1¬e2 ∨ ¬e1¬e3,l3 = e1e2e4 ∨ ¬e1¬e2e5 ∨ ¬e1e3e6 ∨ ¬e1¬e3e7,...

ζ e1
¬e3
e2
e3 e5e6e4

¬e6¬e7
¬e2¬e1 e7

¬e4¬e5
• ζ, l1, r2, l3 ⊢ l1,⊢ l3, 6⊢ l2
• {l1, . . . , ln} is shattered by T 16
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Impli
ations
• If indu
tion+dedu
tion and �nite des
ription length:

◮ target asymptoti
ally rea
hed
◮ fast 
onvergen
e (O(log(n)/n))
◮ des
ription length of output bounded and 
onverging to theMDL of the target

• Otherwise
◮ arbitrarily slow 
onvergen
e rate
◮ des
ription length might run to in�nity
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Impli
ations for Turing 
omputable ma
hines
• Question : We have used an ora
le (in 0') for solving MDLproblems. Is this ne
essary ?
• Approximation of the �idealize� MDL prin
iple (in 0') by�nite-length dedu
tion (in 0, i.e. 
omputable)

⇒ huge 
omplexity of the algorithm, but
⇒ Same results as in 0'

◮ 
onvergen
e of Ln as O(log(n)/n)
◮ target theory almost surely rea
hed
◮ des
ription length 
onverges to the optimal possible oneProof in the paper 19



Con
lusion indu
tion+dedu
tion > dedu
tionindu
tion+dedu
tion > dedu
tion+pruningon the set of theories with �nite des
ription length
◮ Probabilisti
 framework for the analysis of ess. unde
idableIndu
tive Logi
 Programming
◮ Indu
tion + �nite des
ription length → 
onvergen
e
◮ Turing-
omputable (but very expensive)
◮ Shorter axiom sets are better
◮ Making a di�eren
e between fa
ts, whi
h are de�nitely true,and indu
ed fa
ts, whi
h are unstable.20



Possible appli
ations:
◮ Merging ontologies in ess. unde
idable (i.e., natural!) settings
◮ A prin
ipled way for expert systems in ess. unde
idablesettings: approximate MDL + dedu
tion
◮ Epistemology of mathemati
s: indu
tion is pre
isely whatmathemati
ians do.
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