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Abstract

We investigate the ratio asymptotics and the asymptotic zero distribution of a
sequence of polynomials that satisfy a recurrence relation of order r + 1 with all
recurrence coefficients, except the last one, equal to zero. Such a sequence is part
of a system of multiple orthogonal polynomials and it satisfies the symmetry pro-
perty P,(wy412) = w1 Pa(2), where wy41 is the primitive (r + 1)th root of unity.
We consider the unbounded regime in which the recurrence coefficients exhibit alge-
braic growth and, after division by n” become asymptotically periodic and bounded.
After the appropriate scaling, we establish ratio asymptotics and characterize the
limiting ratio as the distinguished solution of an algebraic equation. We then deter-
mine the limiting zero distribution through its Stieltjes transform and investigate
the associated S-transform, which in several cases yields connections with hyper-
geometric polynomial sequences and distributions arising in free probability. The
recurrence is represented by a two-diagonal non-self-adjoint Hessenberg operator,
so that the limiting zero measure also admits a natural interpretation as a limiting
empirical spectral distribution of its rescaled finite sections. Our analysis is based
solely on the positivity and asymptotic behavior of the recurrence coefficients and
requires no explicit knowledge of the underlying orthogonality measures.

Keywords. Multiple orthogonal polynomials, banded Hessenberg matrix, ratio asymp-
totics, asymptotic limiting zero distribution, free probability

Contents

1 Introduction 2
1.1 Background and motivation . . . . ... ... o000 4

2 Ratio asymptotics 5
2.1 Properties of the zeros . . . . . . . ... 5
2.2 Proof of Theorem 1.1 . . . . . . . . . . . . . . ... . . 8
2.3 Properties of the ratio asymptotics . . . . . . . ... ... L. 14

*School of Engineering, Mathematics and Physics, University of Kent — London and South East
University Group, Canterbury CT2 7NF, UK, a.loureiro@kent.ac.uk

tDepartment of Mathematics, KU Leuven, Celestijnenlaan 200B box 2400, BE-3001 Leuven, Belgium,
walter.vanassche@kuleuven.be



3 Asymptotic zero distribution 16

3.1 Proof of Theorem 1.2 . . . . . . . . . . . . .. ... ... ... . ... 18
3.2 Reduction to the real line . . . . . ... ... ... ... ... ... ... 19
3.3 Connection with free probability via S-transform . . . . . . . . . . .. .. 19
4 Examples 21
4.1 A degenerate case where oy = ... =, andy=7r . .. .. ... ... ... 21
4.2 A degenerate case where vy = ... =, andy=1 . . ... ... ... ... 23
4.3 Case where oy =a# oy forj=2,...;r ... ... ... L. 24
Appendix 31
A Marchenko-Pastur distribution 31
B Kesten-McKay distribution 31
C The Fuss-Catalan distribution 32

1 Introduction

We start with the recurrence relation
Poii(z2) = 2Py(2) — Y Prur(2), n>r, (1.1)

where r is an arbitrary integer with r > 1, (7,), is a sequence of positive real numbers
and

PB=1P,=---=P,=0. (1.2)
This gives a sequence of monic polynomials, with P, of degree n, and these polynomials
satisfy the symmetry property P,(wy12) = wyyFPn(2), where w41 = e%, which can
easily be proved by induction. The zeros of the polynomial P,(z) are all on the (r + 1)-
star

Y= U{xwa : x>0} (1.3)
k=0

In this paper we will assume that the recurrence coefficients are unbounded, but after
scaling they become asymptotically periodic with period 7, i.e.,

lim — = q, n=(k—1)modr, (1.4)

n—oo M

with v > 0 and ay,...,a, € RT. If we put

Qu(z,N) = N™71 By (N712), (1.5)
then the recurrence (1.1) becomes
'.)/nfr
Qni1(z,N) = z2Q,(2,N) — N Qn_r(z,N). (1.6)

Our goal is to describe the ratio asymptotics of the polynomial sequence (P, (z))n>0 as
well as its asymptotic distribution, under the assumptions regarding the behavior of the
recurrence coefficients v, outlined above.

Our first main result is:



Theorem 1.1. Suppose P, satisfies (1.1) and the recurrence coefficients v, are positive
and have the asymptotic behavior given by (1.4). Then, under the definition (1.5), we

have 0u(z V)
z
li I = Pzt 1.
n—)ool,g/lN—ﬁ Qn-i—r(z, N) (27 >’ ( 7)
uniformly on compact subsets K of C\X, where ® is a solution of the algebraic equation

T

1=0(z,t) [[ (z = st ®(2,1)). (1.8)

=1
for which 2" ®(z,t) — 1 as z = 0.

The function ®(z,¢) in (1.8) satisfies a number of properties, which are explained in
Section 2.3. Most significantly, we can write

B(z,t) =tV 2F(t 72

where F' is a solution of the implicit equation

L=yF (Z)A(F () with A (w) =[] 1 - o), (1.9)
j=1
for which yF(y) — 1 as y — oc.
Our second main result describes the Stieltjes transform of the asymptotic distribution
of the zeros of the rescaled polynomials of large degree.

Theorem 1.2. If G(z) is the Stieltjes transform of the zero limiting distribution of the
rescaled polynomial sequence (Qn(z))n>0, then one has

Q@)Z—éié %5%%?du (1.10)

uniformly on compact sets of C\ X, where ®(z,t) is given by (1.7)-(1.8) and such that
2"®(z,t) = 1 as z — oo. Moreover, we have

1 (r+1) 1 ) 1 1 )
Glz)=——(1— - u A (u —du |, 1.11

R ( AT, A .
with y = 2", with A, and F as in (1.9).

The density for the asymptotic zero distribution can be obtained via the inverse Stielt-
jes transform of G. Since G is analytic in C\R and G(z) = O(1/z) as z — +00, then there
exists a function o defined on R that

G(z) ! / ﬂdt

- o2 Jpz—t
and o is the density function we want. It can be obtained via the Sokhotski-Plemelj
formula, which means that

o(z) = % (G4(z) — G—(x))

where G4 (x) corresponds to boundary values of the function G(z) when z approaches the
real line from above and from below, precisely

Gi(x) = 61_1)1g£r G(x +ie).
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1.1 Background and motivation

The case where the coefficients are bounded and all have the same asymptotic behavior
was first studied in [2], where a connection with multiple orthogonality (on the step-line)
was made. There it is referred to as vector orthogonality, whilst linking it to Hermite-Padé
approximation. A subsequent study [1] considered the ratio and weak asymptotics for the
case where the recurrence coefficients are an ¢!-perturbation of a constant positive coeffi-
cient. For the asymptotically periodic and bounded recurrence coefficients, weak and ratio
asymptotics were subsequently obtained in [6], together with a vector-equilibrium inter-
pretation. Closely related asymptotic questions have also been investigated for multiple
orthogonal polynomials associated with Nikishin systems, in particular on star-like sets:
see [6, 18, 19] and references therein. See also [28] for ratio asymptotics of multiple or-
thogonal polynomials under convergence of the nearest-neighbour recurrence coefficients.

A central novelty of the present work is that the recurrence coefficients are allowed to
be unbounded with algebraic growth and a periodic modulation in the leading term (as
detailed in (1.4)). More precisely, we study the ratio asymptotics and the corresponding
limiting asymptotic distribution of the zeros of the polynomial sequence (P, ),>o directly
from the recurrence relation (1.1), based solely on the positivity and the asymptotic
condition (1.4). Thus, for some v > 0 and «ay,...,q, > 0, YVprap_1 ~ ag(mr + k —
1), k=1,2,...,7 as m — oo. In particular, our analysis does not require explicit
knowledge of the orthogonality measures, nor any additional structural assumption on
them, such as the Nikishin property. Our main results are stated in Theorem 1.1 and
Theorem 1.2. In Section 2 we first establish the estimates and interlacing properties of
the zeros needed to prove the ratio asymptotics. These asymptotics are then used in
Section 3 to obtain the limiting zero distribution through its Stieltjes transform (here
denoted as G-transform). We further investigate the associated S-transform, building
on the finite-free convolution framework [23] and the asymptotic analysis framework for
generalized hypergeometric polynomials developed in [24], identifying cases where our
S-transforms relate to those arising from hypergeometric polynomials outlined therein.
Finally, in Section 4 we work out several examples in detail. The last example treats
the case in which one residue class of the recurrence coefficients has a different leading
asymptotic coefficient from the remaining » — 1 classes. One of the families studied in
detail in [20, Case B| provides a particular case with = 2. For reference, the Appendix
collects the basic properties and transforms of the Marchenko-Pastur, Kesten-McKay and
the Fuss-Catalan distributions that are used throughout the examples.

There is also a natural spectral interpretation of these results. The polynomial P, is
the characteristic polynomial of the n x n principal truncation H,, in (2.2) of the two-
diagonal Hessenberg operator associated with the recurrence (1.1). Consequently, the
zeros of the rescaled polynomial (), are the eigenvalues of the corresponding rescaled
Hessenberg matrix. Thus, from this point of view, Theorem 1.2 describes the limiting
empirical spectral distribution of a family of non-self-adjoint banded Hessenberg matrices
with algebraically growing recurrence coefficients whose leading-order behavior is periodic.
Equivalently, its Stieltjes transform is obtained as the limit of the normalized trace of the
resolvents of these finite sections. With the rescaling (1.5), then we have

Qn(2; N) = det (21 — N~Y/TVH,)



and, consequently, when n = N,

iM = iTr (zI — N_’\//(T—i_l)HN)_l .
N@n(sN) N

These results also have a natural connection with spectral theory and random matrix
models. Multiple orthogonal polynomials occur as average characteristic polynomials and
in the correlation structure of several random matrix models and related determinantal
point processes. For example, they are average characteristic polynomials of Hermitian
random matrices with external source [4], two-matrix models [8] and non-intersecting path
models [5].

As such, Theorem 1.2 suggests a potentially useful framework: whenever the aver-
age characteristic polynomial of the relevant multiple orthogonal polynomials of a model
have recurrence coefficients satisfying the asymptotic condition v, ~ a;n?, the global
zero asymptotics of the associated average characteristic polynomials could potentially
be obtained directly from their recurrence coefficients, without first carrying out a full
Riemann-Hilbert or equilibrium analysis. In models where the limiting zero distribution
of the average characteristic polynomials is known to coincide with the limiting eigenvalue
distribution, this may also provide an alternative route to the global spectral law.

In special cases, the limiting measures arising here coincide with familiar distributions
from random matrix theory and free probability. For instance, the Fuss-Catalan law
occurring in Section 4 is also the limiting squared singular-value distribution for products
of Ginibre matrices. The S-transform therefore provides a useful tool for comparing the
spectral laws arising from the recurrence (1.1) with those coming from random matrices
and from hypergeometric polynomial ensembles.

2 Ratio asymptotics

We begin by showing that the zeros of each of the polynomials P, satisfying (1.1) with ~,, >
0 enjoy interlacing properties, rotational symmetry and are all lying on the (r + 1)-star X
in (1.3). These structural properties are fundamental to the study of ratio asymptotics.
Accordingly, in Section 2.2 we prove our first main result — Theorem 1.1 — and in Section
2.3 we analyze the relevant properties of the function ® describing the ratio asymptotics.

2.1 Properties of the zeros

The asymptotic behavior of the y-coefficients is closely related to that of the largest zero
of each polynomial. For the case of two measures (r = 2) this has been shown in [20, Th.
2.6], whose proof can be straightforwardly extended to the case of r > 2 measures and,
in this case, we have:

Proposition 2.1. Suppose P, (z) is a polynomial of degree n satisfying (1.1) with ~, > 0
and that (1.4) holds. If o = inz%x{ak}, then the largest zero in absolute value |z, | of
€Zr

P,(x) satisfies

1
|Zpn] < (1 + —) (ar n”)l/(rﬂ) + oY as n— +oo. (2.1)
T



Proof. Consider the Hessenberg matrix

0 1 0 0 0 0 0 0
0O 0 1 0 0 0 0 0
0
| m O 1 0 O
H, = 0 v O 1 0 O (2.2)
0 0 0 - Apoypoq - 0o 0 1
0O 0 0 0 e Yooy - 00

so that the recurrence relation (1.1) can be expressed as

Po(x) Fy(z) 0
H, P (x) . P (a:) P 0
Py (2) Poi(2) 1
and each zero of P, is an eigenvalue of the matrix H,,. The spectral radius of the matrix
- p(H,) = max{|\| : A is an eigenvalue of H,},
is bounded from above by ||H, || where || - || denotes a matrix norm (see [13, Section 5.6]).

We take the matrix norm

<i<n

[FL s = 15~ HL, S| = max {Z \(S*Hns»,j\} ,

where S corresponds to a non-singular matrix and (S~'H,S);; denotes the ith row and
jth column entry of the product matrix S~™'H, S. In particular if S is an invertible
diagonal matrix S = diag(dy, ..., dg,...,d,), then

IHols

_ d dy drio+d Y d'+d‘77‘71'y'77‘71 dn+dn—r— Yn—r— dn—r'}’n—r
—max {%, .., G, dptdon | it | dethoiincen donse |
Setting d = dk(k:!)ﬁ # 0, for some positive constant d, gives
«
|H,||g < <d + E) nY/ D Lo/ DY as n— oo
The choice of d = (ar)""™ gives a minimum to (d+ 2), so that

1
1H,| s < (1 + —> (ar n”’)l/(rﬂ) + o(nw/(rﬂ)) as n — +oo,
T

which implies the result. [



Except at the origin, all the zeros of each P, satisfying (1.1) are simple and interlace
with those of P,,1,..., P,i._1, as formally stated next.

Proposition 2.2 (c.f. [3, Th. 2.2]). Suppose P, satisfies (1.1) with v, > 0. For each
n=(r+1)m-+j withm >0 and j € Z,,1, the following statements hold:
(a) If z is a zero of P,, then so is w’z for any j € Z,11, where w = exp(27wi/(r + 1)).

(b) P, has a zero of multiplicity j at the origin and another m distinct positive real
zeros, which we denote by x, ;s with s € {1,...,m} and therefore we order them as

0< Tl < Tpj2 < ... < ZTnjm-

(c) The positive zeros x,, ;s interlace:

0< Tpol <. <Tnpl <ZTpo2 <. ... <Tnjs < Tpjtls < - < Tnr—1m < Tnrm-

The interlacing property for the real zeros of @, (z; N) follows straightforwardly from
the latter result.

Corollary 2.3. Let Q,(z; N) satisfy (1.6) with v,—, > 0 and suppose

. Yn—r
lim
n—oon/N—t NV

= ayt7, n =k mod r. (2.3)

If n=m(r+1)+j, with j € Z,41, then Q,(2) has m positive real zeros y, ;s and can be
written as

m

Qu(z N) =27 || (" = (ynjs)™') . with y;s(N) = Nfﬁxn,jﬁ : (2.4)

s=1

Moreover, all the zeros interlace and the largest zero Yy, ;. satisfies
1
[Yn,jm(N)| < (1 + —) (ar )/ 4o (/) as n— +oo, and % — t,
T

where o = max o,.

kEZr
Proof. According to Proposition 2.2, if P, satisfies (1.1) with v, > 0, then it can be
written as

m

Poz)=2 || (" = (2p)™"), n=@r+1m+j, m>0, j€ L.

s=1

Following the definition @, (z; N) in (1.5), we obtain (2.4). The interlacing property of
the zeros follows directly from Proposition 2.2 and the majorization result for the largest
zero in absolute value follows from Proposition 2.1. O



2.2 Proof of Theorem 1.1

Suppose that

lim @n(z N)

Quii(zN) = (k-1 2,
n—oo,n/N—t QnJrl(Z’ N) (bk(Z, t), n (k’ ) mod T, ( 5)

holds, for £ =1,2,...,r. Then dividing (1.6) by Q,11(z, N) gives

Qn(z,N) Y ()Y Qur(z,N)
1=z — =) =—, 2.6
Qn+1(z7N) n’ (N> Qn+1(Z7N> ( )
and if n = k mod r and n — oo and n/N — t, one finds
1=z¢p(z,t) — apt?or(z,t)P(z, 1), (2.7)
where
(I)(th) - ¢1(Z,t)¢2(2’,t) e ¢r(zat)‘
From (2.7) we find
1
—— =z — ot P(2, 1), 1<k<Znr. 2.8
e k7P (2,1) (2.8)

Multiplying these equations then gives (1.8). If we now define

T

B(x) = [[(x — ay),

i=1

then we find that ® satisfies the equation

1 S 2t
50 =t"9"(z,t) B, (M) . (2.9)

We still need to prove that there exist r functions ¢q(z,t), ¢o(z,1),. .., d.(z,t) such

that (2.5) holds uniformly on compact sets of C \ 3.

_Qn(zN)
We first prove that ‘ Ot (2N

is bounded for all z on a compact set in C \ X.
Lemma 2.1. Let K be a compact set in C\ ¥ and 6 the distance between K and X:
d =min{|r —y|,x € K,y € X}.

Suppose @y, satisfies (1.6) with v, > 0 subject to (2.3). Then, if y, ;s represent the positive
zeros of Q, there exist positive ¢, (t), co(t) and M(t) such that

a(t) < < op(t)  and  ywgal < M(1),

N =

and the following inequalities hold:

L. Qn(Z;N)‘
d Qn+1(Z7N)

8

< % <1 + cﬁt)) , forallze K. (2.10)



(b)

Qnr(z,N)‘ 1
Qnii(z, N)| — 2zt
and
@n(5N) >i( c(t) _1)
Qn+1(27 N) |Z’ 2|Z|r+1

for all |z| > M(t).
Proof. Let K be a compact set in C \ X and ¢ the distance between K and X:
§d =min{lz —y|l,z € K,y € X}.
Our strategy is to prove that

Qn(z; N)
Qn+1 (Z, N)

The (r + 1)-fold symmetry of the sequence {Q,(z,N)} means that there are (r + 1)
sequences {Qgﬂ(z, N)}iso with deg Q%(z, N) = m for each k € Z,,1 such that

‘35*, z e K.

Qu(z, N) = 2*QE (21 N), where n=(r+1)m+k.
Therefore, for any n > 0, the ratio

2Qn(z; N)
Qn+1 (Za N)

only depends on zP™! and no other powers of z are involved. Proposition 2.2 tells us that

Qmr+1)+k(2; V) has a zero of order j at the origin, m distinct zeros on the positive real

line, and all the other mr zeros are i—”l rotations of the zeros on the positive real line.

Precisely, if 2, n; # 0, for 0 < j <m(r + 1) is a zero of Qp41)+x(2; V) we then have
ZaNg = (Ynne) T with y,ne€Ry and 0< 0 <m.

This means we can consider the partial fractions decomposition

ZQn Z; N B in: n+l N/ (2 11)
Qnt1(z,N) — 2+l — yn+1,N,£)r+17

where (n + 1 —m(r 4+ 1)) € Z,11. The interlacing property of the zeros (described in
Proposition 2.2) implies that A,,+1 ¢ in (2.11) are positive. On the other hand, from the
recurrence relation (1.6) we have

n— rQanN i n—i—lNZ
NY Qnia1(z,N) — 27— yn+17N7g)r+1

We take the limit as z — +00 on both sides of the latter identity after multiplying it by
2"+ to then obtain

% r Z Aniine. (2.12)



Therefore we obtain (2.10) because

G ¥ m
Q"T(Z’]\U‘ = N Z Ant1ve 7| < LN ZAnH,N,e = 1
Qn+1(z,N) TIn—r 2 — (Yny1,30) 0 | Yn—r —1 0
The boundedness of 2= implies
Z Antine| < ca.
=1
For z € K, the left hand side of (2.11) satisfies
Qn+l(z7 N) - Qn+l(za N) ’
whilst the right hand side is such that
1 +Z n+1 N/ <1+ |ZZ1:1 An+1,N,e| <1+ @
Sl y 1 NZ) - 0 - )
As a result, we obtam
Qn(Z; N) 1 ( Co
B AR P —) . 2.14
Q)| =55 24

In order to prove part (b), we start by observing that if |z| > M = maﬁc(yn,j,m), then
ne

|Yn.j.s/2| <1 so that R (T]/z) > % for 1 <s<mand j € Z,,,. Therefore,

anr(zy N) ‘ _ N7 i AnJrl,N,Z
Qnt1(z, N) TIn—r 2 — (yn+1,N,€)T+1
B N7 1 i An—l—l,N,ﬁ
Yr—r |2|7F1 = 1 (yn—&-l,N,E/Z)H_l
_N im Aniing
= | 2]+ 1— T+l
Tn—r /=1 (yn+1,N,€/z>
N 1 & 1
> TW ZAn-i—l,N,Z = W?
n—r E:l

where, for the last identity, we have used (2.12).
Finally, the second inequality in part (b) follows from

1 Qn—r(z,N)
2021 [Qnaa(z, N)
N7
)i
Yn—r
+ 1)

_‘(z@n(zN
|
>\+1)

( Qn+1((27

)
)
z2 Qn(2, )

)
|

222

2,

Qn-i-l(
(

z Qn(z,
Qn+1(z7

22

10



We can then conclude that

( er+k(2) )
er—l—k—i—l(z; N) m
is a normal family on C\ X. By Montel’s theorem for k& = 1, there is a subsequence that
converges to some function ¢;(z,t), uniformly on compact sets of C \ 3.
There is also a further subsequence that converges for k = 2 to ¢o(z,t), and we can

do this for every k with 1 < k < r. We conclude that there is a subsequence for which
there are functions ¢4, ..., ¢, such that

1i er+k(z7 N)
1m
m—oo,mr/N—t er+k+1(27 N)

= ¢r(z, 1), (2.15)

uniformly on compact subsets of C \ X.
These ¢, ..., ¢, may depend on the subsequence, so we need to show that they do not
depend on the subsequence. In order to do so, we use the following two auxiliary results.

Lemma 2.2. Suppose (a,)n>0 S a positive sequence for which

r—1

i1 S e+ aY any,  n>0, (2.16)
k=0

where r is an integer > 1, 0 < a < 1 and (¢,)n>0 a positive sequence. Then one has
Uny1 < agA™ + Z cp AV (2.17)
k=0
where A = 2a/".
Proof. We will use induction on n. For n = 0 we have from (2.16)
arp < ¢g + aay.

Now use the fact that a < /" < 2a'/" whenever 0 < a < 1 to find that a; < ¢y + apA,
which is (2.17) for n = 0.
Now assume (2.17) is true up to n — 1. Then from (2.16) we find

r—1 n—k—1
i < enta S <a0,4nk+ 3 chnwl>.
=0

k=0 J

Now observe that

r—1 1

L1
aZA_k:aA%_lgA, if0<a<l. (2.18)
k=0

Hence
r—1

aag E AR < g AL
k=0

11



Furthermore

1
I
—

n—k—1 n—j—1

k—
a ZcA”le—aZcAnjle —l—aZc]Anflek

0 j5=0 j=n—r+1

B
Il

By using (2.18) we see that for the first term on the right

n—r r—1 n—r
a g ch"_J_l E A7k < E c; A",
7=0 k=0 j=0

In the second sum on the right we have that j > n —r + 1 so that

n—j—l r—1

> aeSa

k=0 k=0
and hence, by using (2.18) again,

n—j—1
a Z cJAnjle < Z c; A"
Jj=n—r+1 j=n—r+1

Combining this gives the required inequality (2.17). O

Corollary 2.4. Suppose a < 27" and (c,)n>0 S a positive sequence for which lim,, . ¢, =

0. If

r—1
0§an+1§cn+azan_k, n >0,
k=0

then lim,_o @, = 0.
Proof. We use the previous lemma, which gives
n
0 < apyr < agA™ + Z A",
k=0

with A < 1. Then the result follows easily because

n
lim § e AR = 0.
n—oo

k=0

We use the two last results to prove the following:

Lemma 2.3. Under the same assumptions as in Lemma 2.1, then

i Qe Q)
n—oo,mr/N—t (2n+1(2 fV) C2n+1+r(2;fV)

::07
uniformly on compact subsets K C C\X.

12



Proof. From the recurrence relation (1.6), we have

_ Qn+l<Z7N) Tn—r Qn—r(z; N)
Qu(z;N) N7 Qu(zN)

The same relation with n replaced by n + r reads as

_ Qn+r+1(z; N) ﬁ Qn(Z,N)
Qn-‘rT(Z; N) N’Y Qn-i—r(z;N).

Subtracting the former from the latter leads to

Qni1(2; N) _ Qnir+1(z; N)
Qn('z; N) Qn+r(z;N)
v_n( Qn(z; N) _Qn—r(z;N)) +<%

Yo ) @n—r(zN)
Qn-{—r(z; N) Qn(za N) N’Y N’y Qn(z)N)
which is the same as

Qn+r+1<Z;N) ( QnJrl(z;N) . Qn(zvN) )
Qn<z; N) Qn+T+1(’Z; N) QnJrr(Z; N)
In Qn(za N) . Qn—T(z;N) In Qn—T(Z;N)
(Qn+r(2; N)  Qu(zN) ) +<

N~ N7> Qn(z;N) -

If we set
Qn(z; N) Qn-1(z;N)
QnJrr(Z N) anlJrr(Z; N) 7

then we obtain the following rth order recurrence relation for D, (z; N)

D,(z;N) =

Dn+1(Z'N)
_ Qu(zN) Yo Ynr\ @nr(z;N)
"~ Quirp1(ziN) NV (ZDn e N> (ﬁ - NY > Qnir1(2N)’

T

subject to the initial conditions D;(z; N) = 0 for negative j and Dy =

PR S
7 Qj+r(z;N)  Qj-14+(2; N) N7 Qj-14+(2 N)Qj1r(2; N)

forj=1,...,r
Using (2.10), it follows
c (t) r—1
[ D1 (2 N)| < Cn + 25 > IDne(z M), (2.19)
=0

with

| Yeer
Cn = ’NV N7

1 Cg(t) "
or+1 ( ) > » 1 Z 0.

Under the assumption that (2.3) holds uniformly, then this implies that for every § > 0
lim C, =0
n—oo

n/N—t

13



If we choose a compact set K* so that ¢ is large enough in order to ensure that CQT(” <277,
Therefore Lemma 2.2 and Corollary 2.4 can be applied to conclude that

|Dpi1(z;N)| -0 as n— oo

otz (3 (1+280))

on any compact K C C\X. By Vitali’s theorem, we can conclude that |D, 1| converges
uniformly to 0 on every compact set K C C\X. O

uniformly for z € K*.
Besides,

Hence, we conclude that Q. 4k(2, N)/Qmrirk+1(z, N) converges to ¢y along a subse-
quence m = my, { — 0o, then also

1; Q(m+1)r+k(2a N)
1m
m=mg—00 Q(m+1)r+k+1(zv N)

= gbk(z,t).

From here we can do the reasoning leading to (2.5)—(2.7), and hence ® = ¢ --- ¢,
is the solution of (2.9) which behaves like 1/2" as z — oo, and thus every convergent
subsequence has the same limits ¢y, ..., ¢, which are obtained from ® by using (2.8).
That implies that the full sequence converges and (2.5) holds.

2.3 Properties of the ratio asymptotics

Observe that (2.9) is an algebraic equation of order r + 1 for the function ®. We need
the solution for which ®(z,t) ~ 27" as z — oco. The equation also has r other solutions
for which z/® ~ a;t" as z — oo, for 1 < j < r. Once we know what ® is, we can find
every ¢ from (2.8). The function ® depends on two variables z and . We can remove
the dependence on t by the following property.

Proposition 2.5. The function ® satisfies

D) =R, with = - 1 - (2.20)
as well as
d(z,t) = wrD(WF2,t), for k=0...r, when weC: wt=1 (2.21)
and
O(z,t) = D(z,1t). (2.22)

Proof. Use (2.9) with ¢ =1 to find

:<I>’"(z,1)BT( - ) (2.23)



Multiply both sides of the equation by t™ to find

1

t—(r+1)u
e (e 1)) B [ ——— )
v d (2t 1) (7 e(t™, 1))

t=vd(zt=v, 1)

Now observe that (r + 1)v = =, so that t7"®(zt7", 1) satisfies the algebraic equation
(2.9). Furthermore it has the same behavior for z — oo as ®(z,t) and this proves (2.20).
Besides, if w € C is the (r+1)th root of unity, i.e. w"* =1, then (2.9) with z replaced

by wz becomes
T ti,y
1=t (®(wz,t) R
@) [ (oo

which is the same as

T t
1=t" (w_lq)(wz, t)) o H <m - O[k) .

k=1

Hence w™'®(wz, t) satisfies the algebraic equation (2.9) and its roots have the same asymp-
totic behavior for z — oo as ®(z,t), which implies (2.21) with £ = 1. By iteration, we
obtain (2.21).

By evoking similar arguments, based on (2.23), one shows that (2.22) holds. O

The properties of the algebraic function ®(z,t) satisfying (2.9) follow directly from
the study of ®(z, 1) satisfying

1 T Z
SCT) (@(z, 1) T <m - aj> . (2.24)

j=1

As a direct consequence of Proposition 2.5, one can see from (2.8) that the factors
or(z,t) of ®(z,1) satisfy
Op(z, 1) = 77T g2t 71, 1),

as well as
bp(wz,t) = w lop(z,t), for 1<k<r

In the light of Proposition 2.5, our main interest is the study of the multi-valued
algebraic function defined by

1= (d(z, 1))T+1j[:[1 (ﬁ - aj) . (2.25)
We are primarily interested in the solution ®(z,1) ~ z7" as z — co. We write
(2, 1) = 2F(z") (2.26)
and (2.25) gives the algebraic equation for the function F(z) in (1.9), or, equivalently,
1

€= with & = 2" (2.:27)
FE) T (1 = a;F(E))

K
j=1
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The function F(§) is an algebraic function of order r + 1 and genus 0. The rational
function &(F') gives the composition of a conformal map of the sphere to the Riemann
surface R of the function F'(£) and the projection to the complex plane.

If the discriminant has r + 1 zeros which are the branch points &, ...&,, then F' has
(r + 1) branches with the following asymptotic behavior

F0(§)=%+O(1/§’"), Fk(f):aik+(9(1/§), for k=1,...,r

3 Asymptotic zero distribution

The asymptotic zero distribution of a sequence of polynomials (or the empirical distribu-
tion of its zeros) is obtained as a weak® limit of the zero counting measures. Precisely,
the zero counting measure of a polynomial P is defined as

X(P)= Y 4

{z:P(x)=0}

where the sum is taken over all zeros of the polynomial P, counting their multiplicities,
and §, is the Dirac measure supported at = (i.e., a mass point at x). We define the
empirical distribution of the zeros of @, (z, N) (its normalized zero counting measure) by

n

1 1
Hn = EX(QH(Za N)) = E Z(syk,n,N’

k=1

where {ygnn,1 < k < n} are the zeros of Q,(z, N). The corresponding Stieltjes trans-
forms are given by

1@, (2 N) 1

————= :/—d,un(m).

nQn(z, N) z—x
Our goal is to show that the sequence of measures (i, ),>0 converges in the weak* limit
to a measure u. For that, we need to find

1Q.(z2, N
1)

- 3.1
n—oo,n/N—t 1 Qn(z, N) ( )

The limit in (3.1) will then give the Stieltjes transform
dp(x
() — / p(x)
z—x

of the weak limit of the measures (u,), and, by using the Sokhotski-Plemelj formula
(Stieltjes inversion formula) one can retrieve from G the measure u describing the asymp-
totic distribution of the zeros.

First, we prove the following result, which gives an expression for the Stieltjes trans-
form G(z) of the measure describing the asymptotic distribution of the the zeros.

Theorem 3.1. Let ®(z,t) is the solution of (1.7) such that z"®(z,t) — 1 as z — oo.

Then, one has
CLQuEN) 1 [
| —= L= — 2 dt 2

N5 N Qn(z, N) rA D(z,t) (3:2)

uniformly on compact sets of C\ X.

16



Proof. Based on Theorem 1.1, the limit (1.7) exists and the convergence holds uniformly
on every compact subset of C \ X, where ¥ is the set containing all the zeros, which in
our case is the (r 4 1)-star U;:O{xwfﬂ, 0 < x < oco}. Taking derivatives in (1.7) gives

i QN N) = Qe N (V) _ 90,1
n—oo,n/N—t %LJFT(Z, N) B 0z .

The left hand side is equal to

Qulz,N) (Qmm ) ;M(z,N)),

Qn+r(zvN) Qn(Z,N) QnJrr(zaN)
so that
() 0P(z,1)
. @z N)  Qu. (3 ) _ 0z
N (Qn(z,N) Onir(zN)) — ®(2,0) (8:3)

Consider the sum

S z,N) i (2,N)
ritk W)tk
JZ (QTHk ,N) QT(j+1)+k(Z,N)) ’ (3.4)

This telescoping sum equals

Qu(z,N) — Qrmii(N)
Qk(Z?N> Qrm+k(zvN).

On the other hand, we can write the sum (3.4) also as

NZ s Q/LNtJTJrk(Z N) QI(LthJrl)rJrk(Z?N) a
Qnt)r+k(2, N)  Q(nt)+1yr+k(2, N) ’

because on [£, Z£) we have that [ Nt] = j. Thus, the sum (3.4) is also

m/N z,N) Q) z, N
N/ ( (e k(7 )_ (e 1)k )) Q.

Qntjrrk(2, N) Qe r1yrk(2, N)

Hence, using (3.3) we find

1 Y 9.0z,
L G5 N) / 0:2(z,tr) 4y (3.5)
m—soo,mr/N—1 N er+k(2 N) 0 (I)(Z, t?")
By the change of variables tr — ¢ and N = mr + k, we thus have (3.2). O

From (2.20) it follows

1280 1 (1300 ),

r ®(z,) rv Ozt

and, more relevantly,

10.9(2,t) 1 _, 0,P(u,1)

v

1 1 u0,P(u,l)
r ®(z,t) 7 D (u, 1)

Tz D(u, 1)

u=zt—Vv u=zt—v

17



3.1 Proof of Theorem 1.2
Writing ®(u, 1) = wF(u™*1), then

0u®(u,1)  Fu™) + (r+ Du" " F' (um )

O(u,1) uF (ur+t)
and this gives
10.9(z,t) 1 u T (u )
et ok A I 1) -~ \*" )
r ®(z,1) Tz ( +r+) Flutt) | .-/

where F'(y) := din(y). We write equation (1.9) as

1=yF(y)A(F(y)  with  A(F(y)=]]0-aF@),

j=1
which, after differentiation with respect to y, leads to
yF’(y) _ Ar(F(y)) _ 1
Fly)  (AF@) +FOAEW) 1+ Fly) 559
Hence, based on Theorem 3.1, we have
/ 1
N—oo N Qn(z,N) r Jo P(u,1) |y,
1 1 Zr-i-lt—'y F/(Zr—‘rlt—'y)

= —— 1 1 dt

rz Jo ( +r+1) F(zrti—) )

1 Vortly=y Fr(2m+)
I | dt
( R R )

because
100G 1, (9,00 1) B PG G Vel Ui
r @(Z,t) N r q)(uvl) u=zt=v - r u u F<u7’+1> u=zt—v

and v = . With the change of variable u = F(2"*'t~7), the integral becomes

o LONEN) LR
lim ) TZG+(+U£ F@Lzmmw>

r 1/
1 1) e [FETD o (T
= 1-— (r+ )zil/o we H(l—aju) du |,

gl s

where we have used (2.27) to obtain

r 1/v
t= (zTJ’lu H (1-— ozju)> :

J=1
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3.2 Reduction to the real line

Following Proposition 2.2 and Corollary 2.3, the sequence of polynomials (Qn(2; N))n>o
s (r + 1)-fold symmetric, and each polynomial Qx(z; N) has | N/(r + 1)| distinct real
zeros Yy jo = (ynje)" T that can be ordered:

0 <ynj1 <ynj2 <. <YNGIN/(r+1)]-

Hence, there exist r 4+ 1 polynomial sequences QE@ (z;N), with 5 = 0,1,...,r, such that

N/(r+1)]
(5 N) = 22Q0 iy N =2 T (27 = Tvae)
/=1

with |a] denoting the floor function of a. This means that the Stieltjes transform given
above relates to the limiting distribution of the sequence of the (r+ 1) powers of the zeros

<{(yN7j7£)r+1}éV:1) g &8 N — oo. We are also interested in the limiting distribution of the

Zeros ({yN’j,g}L) N0 The Stieltjes transform, say G, of the limiting zero distribution of

r+1

the latter is therefore the pullback of G under the map z — 2"+! and they are related by

G(z) = (r+1)2" lim ! 0,QW (y; (r + )N + k)

— 1 ref 1l )

y:Z'r+1
Hence,

Y S (O Gt N ) L
g()_W“)Z( T <F<z>Ar<F<z>>>i/o A “d>’

3.3 Connection with free probability via S-transform

The Stieltjes transform of a probability measure p on the real line,

g(z):/RM

)
z— X

is analytic on C\supp(u) where supp(u) denotes the support of u, which is assumed to
be a compact set in C. Let

M(z) = 26(1/2) ~ 1,

then M(z) + 1 is the moment generating function of u, with
M(z) = Zmnz”, m, = / " du(z).
n=1 R

If M~ is its functional inverse function, then the S-transform is

S) = i,

u
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The S-transform is an important notion in free probability, see [25] [29]. For instance,
the free multiplicative convolution i X g of two measures p; and pus on R satisfies

S(py X o, u) = S(pr, u)S(p2, u).

See the Appendix for the S-transform of a few relevant measures.

Our goal is to describe the S-transform of the zero limiting distribution of the rescaled
polynomial sequence (Q,(z))n>0, based on the corresponding G-transform given in Theo-
rem 1.2. Observe that (1.11) can be expressed as

2G(2) = g(F(y)) + 1, (3.6)

where y = 2"t and

with A, (u) = [T, (1 — aju).

7=1

Proposition 3.1. The S-transform of the zero limiting distribution of the rescaled poly-
nomial sequence (Qn(2))n>0 s given by

S(w) = 2 g 1wy A (g w)), (3.8)

w

where g—' denotes the inverse function of g in (3.7).

Proof. From Theorem 1.2, we have

r 4 1 1 1 F(y) 1
ZQ(Z) —1=- <1 — — - ('LL AT(U))I/q/ —du) ’
" T(F(y) A (F(y))~ /0 u

which corresponds to (3.6) with g(y ) as in (3.7). Consider the change of variable z — 1/z
to obtain the M-transform via M(y) = %Q (i) — 1 and this corresponds to

r+1 1 1 FQ/y 1
M(y) = — 1—— - u A ()Y Zdu | .
W= ( Y (F(1/y)A <<1/y>>>v/ AL )

Take into account the definition of g to write M(y) = (g o F')(1/y) and therefore its
inverse is

1 1
M = ey
Recall that 1 )
P = YA (y)
to find
M w) = g7 (w) Ar(g7 (w)).
Use S(w) = “EE M~ (w), to obtain (3.8). O
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Note that the expression for the S-transform in Proposition 3.1 does not depend on
the algebraic function F'. When v =1,

r+1 1

o(0) = " (1—yAr(y> /OyAr(u)du),

which is a rational function in y. Therefore the G-transform is a rational function in F(y),
but the S-transform might be a challenge to compute, since it involves the computation
of the inverse function of the rational function g. However, particular choices of «; lead
to explicit and even rational expressions for the S-transform. Some examples are worked
out in detail in Section 4. When the S-transform is known and is a rational function, then
it is possible to relate the asymptotic zero distribution to that of certain hypergeometric
type polynomials, based on the result below.

Theorem 3.2. [24, Theorem 3.9] For s,t € Z>g, let a, € R® and b,, € R* be such that
finite limits

1 ~ 1 - - ~
lim —a,=A = (A4;,...,A,) €R* and lim ~b,=B=(By,...,B) R’
n—oo N n—oo 1
exist. Assume additionally that A; ¢ [~1,0), By # —1 and A; # By for all j € {1,...,s}
and k € {1,...,t}. Then any weak* limit u of the normalized zero-counting measures
X(pn) of the sequence

—n,an —s
pn(2) = o1 By ( b !t :13)

is a positive probability measure compactly supported on C for which in a neighborhood
of the origin, the corresponding S-transform is given by

i
o
+
o~
+
=

Il
—

)
—~
I\
~
I
<

N

>
Il
—_

We refer to the Appendix for a specific discussion regarding some relevant distribu-
tions.

4 Examples

We start with some degenerate cases, revisiting some known results.

4.1 A degenerate case where ay =... =, and y=r

We analyze this particular and degenerate case when v = r and oy = ... = @, = «a.
Hence, the recurrence coefficients present the same asymptotic behavior. It is therefore a
degenerate case. The problem here is similar to the one studied in [27, Thm 1.2] and also
appeared in the study of Laguerre-Angelesco polynomials in [16].

Under these assumptions (2.25)-(2.26) reads as

1=9(2) (z — a®(2))",
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where ®(z) := ®(z;1) := 2F(y). After the substitution, we get

l=yF(y)(1-aF(y)" .

By Theorem 1.2, the corresponding G-transform given in (1.10) (see also (3.6)-(3.7))

corresponds to
92) = 9(F W) + 1= = .
since ay
1—ay

9(y)
Therefore, G(z) is a solution of the equation
(:6(:)""" = 2 ((:6(=)) = 1) = 0.

By Proposition 3.1, the S-transform is given by (3.8), where in this case the inverse
function of the function g is

-1 . w
g (w) = a(l+w)’

and hence 1 1
ICERVS

This is the S-transform of the Fuss-Catalan distribution, up to a factor 1/«, which means
that S is the S-transform of the Fuss-Catalan distribution on [0, a(r + 1)""!/r"].

We take into account [24, Theorem 3.9 | (see Theorem 3.2) to conclude that the asymp-
totic zero distribution of (Q,(x)),>0 coincides with that of an hypergeometric polynomial

—n
F, in'x ),
! (bh..wbr7lx)

where bq,..., b, are real constants.

00

4 5

o ’ oo Plot of the densities o; for the distribution of the
Plot of the densities o; for the distribution of the .
zeros of the rescaled polynomials, under the as-

zeros of the rescaled polynomials, under the assump- ) N\l
sumption that a; = (T_TH) and v = r for all

27 256 3125 46656

tion that oy =1l and y=rforall j =1,...,7r. 4
j=1,...r.
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4.2 A degenerate case where oy =... =, and v =1

We analyze another particular case where, like the previous one, all recurrence coefficients
present the same asymptotic behavior, that is a; = ... = a,. = «, but now we assume
= 1. We include this example here for a matter of completion. Finding an explicit
expression for the S-transform is not straightforward as in the previous case, although
the corresponding inverse Stieltjes transform presents a similar behavior.
Under these assumptions (2.25)-(2.26) reads again as

1=9(2) (z —a®(2))",

where ®(z) := ®(z;1) := 2F(y). After the substitution, we get
l=yF(y)(1-aF(y) .

Recall relations (3.6)-(3.7) in Theorem 1.2 to deduce that G-transform is given by

IO =T 0 —aF Q) 7aFG) o raF()

Therefore, G(z) is a solution of the equation

2 razG(z) r+l e L
2t —razG(z) — « A\t —razG(z) —a)

If we set - G(2)
2 —razG(z
W=w) 2t —razG(z) — «
or, equivalently,
z" 1 1
=——— 14+ ——
6(z) ra rz ( + W(z) — 1) ’

then
writt -2 (W-1)=0
(6%

holds. We seek a solution of the form W = pel with 6 real and p > 0. We compare real
and imaginary parts to obtain the parametric representation

p = sin((r + 1)6) and 4 — asin(r + 1)9)m+1

sin(r6) v (sinrf)"sin(h) ’

with 0 € (0,7/(r +1)).

We compute the inverse Stieltjes transform of G by taking into account that W_ =
pe % and W, = pe'? are both solutions of the algebraic equation above. Based on this,
we have

1 W_ —-W

r+1 . . : +

o.(x = — lim (G(x +1i€) — G(x — i€)) = .

) = 5 i (Gl 10~ Gl —i0) =

Hence, we obtain a representation for the density in parametric form, representing the
limiting zero distribution, precisely

(r+1) rr

0 — (y(0), or(y(9)))

23
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where )
o (y(9)) =

p(0)sin 6

and

_sin((r 4 1)0)

p(0) = and  y(0) =

_«a sin((r +1)6))"+1

mry(0) p(6)2 —2p(0) cosh + 1’

for

sin(r6)

Y
",
b
]
]
.
[}

0.0

6 4 3 2

s g g2
Plot of the densities for the distribution of the
(r + 1)th principal roots of the zeros of the rescaled
polynomials, under the assumption that a; = 1 for

allj=1,...,r.

The S-transform
Set 2G(z) = v + 1 then we have y =
conclude that

v+1

v+1 (v +1
vS(v) \vS(v)

sin"(r6) sin(f)

vS(v)*

—ra(v+1)—a)r—oz(v+1

0 e (0,7/(r+1)).

.I

3125

256 3125

Plot of the densities for the distribution of the zeros

of the rescaled polynomials, under the assumption

o

46656

that oy =1 forall j=1,...,r.

Now recall the equation for 2G(z) to

oS ra(v+ 1))T+1 = 0.

We further note that the asymptotic zero densities that we obtained here are closely
related to those in [27, Thm 1.2], which describe the asymptotic zero distribution of
multiple Laguerre polynomials of type II of the first kind (see [14, §23.4.1]) when the

multi-index lies on the diagonal.

4.3 Case where aj =a #ag for j=2,...,r

When a; = afor j =1,...,7r — 1 and o, = (r + 1)«, it follows from Theorem 1.1 that
the ratio asymptotic in (1.7) is described by the function ®(z) := zF(y) satistying the

equation

1=yF(y)A.(F(y))

24
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If we set
T 1 T

Wiy) = T
) (r+1)(1—aF) a a(r+1)W(y)
then (4.1) implies that 1V satisfies

W4 (r+ 1D)gW?2 — 2r + D)gW + 17 = 0.

We want to find the branch points of the latter algebraic equation in W and these are
the zeros of the discriminant Dy, wy(9) in W of the latter equation, which is the resultant
Res(fL.(W), f-(W)) between f,.(W) and f.(W) := 0w f,.(W) where

LW =W 4 (r + DgW?2 — (2r + 1)gW + ry.
Since f(W) = -5 (p(W) + W f/(W)), where

p(W) = (r* = 1) gW? — r(2r + 1)gW +r(r + 1)g,
we find

Res(fy(W), fr(W)) = —— Res(£:(W), p(W)).

Note that degp(W) = 2 and has two roots at W_ and W,. Thus,

Res(fL(W),p(W)) = (r = 1)"(r+1)" §" f' (Wﬂ> f (M)

2(r2—1) 2(r2—1)

and hence
~ r(r T r—1nr 2 r /B m 2 - .
Diyawy(§) = (—1)7 R — 1) (1) fy (B g ()

Note that for » > 2 the discriminant has a zero of order r at § = 0 and two other zeros
at § = ¢,— < 0 and another at y = ¢, > 0 which are given by

22 5 4 T
ﬂr,izz—r<2ri\/m\/;+1>(r +T¢W\/;> |

rz2 —1

Hence, yi, = (+%7)" a §s, are branch points of 2G(z) in equation (4.4):

_r_
r+1

2r + 1 F /2t

Ypa =27 (27« +VEr AV + 1) a, (4.2)

r—1
whose first values are
Yr— Yr4
r=2 <5—7T‘ﬁ>oz <5+7Tﬁ>oz
B (471-133V/57) (471+133/57)
r=3 72 a 72 « (4.3)
_ 129 137 129 | 137
r=4 (ﬁ‘ﬁa)@ (ﬁJrWé)O‘
B (612595—124091v/145 ) | (612595+124091/145 )
r=95 64000 64000
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If we write W = pe'? and compare the real and imaginary parts we obtain

P cos(r + 1)0 + (r + 1)gp* cos(20) — (2r + 1)gpcos + rg = 0,
psin(r 4+ 1)0 + (r + 1)gp®sin(20) — (2r + 1)gpsind = 0,
which gives
(r+1)p*sin(r — 1)0 — (2r + 1)psinré + rsin(r + 1)6 = 0,

G = p"sin(r 4+ 1)0
(2r+1)—2(r+1)pcos(f))sinf’

We are interested in the positive solution that vanishes at § = and that is

T
r+17

(2(2r + 1) sin(r) — \/—8r(r + 1) cos(20) — 2 cos(2rf) + 2(2r + 1)2)
P= 4(r + 1) sin((r — 1)0) '

Theorem 1.2 then describes the Stieltjes transform of the limiting zero distribution,
which in this case can be written as

6¢) = (1= 770 )

and thus, it is a solution of the algebraic equation

al(r+1)z2G(2) ™ = (r + Dy(2G(2) — 1)(r2G(z) + 1)1, (4.4)

precisely, the solution that behaves as 1/z as z — oo.
In order to describe an explicit solution, we first consider the change of variable

1 1 1
WZl_W or g(z):—E<W_1—1> (4.5)

and we set § = (2=)" £. The density for the limiting zero distribution corresponds to
Y r+1 « y g

the inverse Stieltjes transform of G, that is o : (0, g, +| — R with

o0(z) = = Tim (G +i€) — Gz — ie)) |

271 e—=0+

with = real. We take into account (4.5), which gives

1/ W-1 1 —pe 10 1
- ([ q) == =
G(z) rz <|W — 12 ) rz (p* —2pcos(f) + 1) T

Therefore, the limiting zero distribution can be represented in parametric form as follows

1)
0 — (y(0), or(y(9)))
1 p(0) sin(0)

7 W0)) = @) (=20(6) cos(B) + p(0) + 1) (4.6b)

[O’L} - (0’%}”0’%0) (4.68)

where
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(2(27“ + 1) sin(rf) — \/—8r(r + 1) cos(26) — 2 cos(2r0) + 2(2r + 1)2 )

a (54) p0)

4(r + 1) sin((r — 1)0)
sin((r 4+ 1)8)

(4.6¢)

y(0) = 2" () =

2
E
B
H
z

- -
0.0 I .
;2525 24 z3

Plot of the densities for the distribution of the
(r 4+ 1)th principal roots of the zeros of the rescaled

polynomials, under the assumption that a; = a for

—2(r + 1) cos(8)p(0) +2r + 1

(4.6d)

sin(6)

5

-....

Yo yr

Plot of the densities o, for the distribution of the
zeros of the rescaled polynomials for r = 2,...,r
and a = r"(r + 1)7".

0

Case where a; = a for

j=1,....,r—1land o, = (r+1)a. j=1...,r—land ar = (r+1)a.
e
Here z, = (y,)™* and
(10+7V7) (471+133V/57) 43 . 137
Y2= 7 Ys = 972 ; Ya=m T s
_ 612595+124091/145 _ 747515642651881v/51 _ 104324941+ 16456635\/273
Ys = 864000 , Ys = 9112500 ’ Y = 112021056
The asymptotic behavior as # approaches 0 or == is given by
a, 0 + O(6?), 60— 0t

or(y(0)) = ) (%_9>_T( +@(?_e)) 0— () .

where
T 2r +1=2(r + 1)e,) _ (2r +1) r(5r + 4)
a, = , with ¢, = ,
ma(r+ 1) +Her=1(1 — ¢,)? 2(r2 — 1)
T
2r + 1 i
b_(r—i— )" sin”* (7‘—1—1)

o (r+1)%
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In order to get the corresponding S-transform associated with this G-transform, we

write
1

=— 1.
1—a(r+1u

Q(z)zé(H(F(y))le), where  H(u)

Based on Proposition 3.1, we compute the inverse function

g7 (w) = alr+1)(w+1)

w

and, hence, we conclude that

IOl VR 5 L B U i
(w) = ar+1r(w+1)"  alr+1)r  (w+1)

We take into account [24, Theorem 3.9 | (see Theorem 3.2) to conclude that the asymp-
totic zero distribution of (Q,(x)),>0 coincides with that of an hypergeometric polynomial

n n

7 (—n,;+a1,...,;+ar_1‘n$>

T 9 )
by, .. b

where aq,..., a,_1, b1,..., b, are real constants, and we write

(_1)n(b1)n s (br)n ,,,F,,, (—n, % + Ajy ..., % + aT_l;nx) :

QTL(Z‘): (%—I—al)n"'(%_l_ar)n bl,-~-7b’r’

meaning that the two sequences share the same asymptotic zero limiting distribution.
The two sequences are not the same.

Particular case of a threefold symmetric polynomial sequence

One particular polynomial sequence satisfying (1.1)-(1.4) for r = 2 was studied in detail
in [20, §3.1]. For that case, the recurrence coefficients are

. _2(n+1)2n+1)
Yon 1= Yenll) = 3752 T
2(n+1)2n+3)(n+p+1)

Yont1 1= Yont1(p) = 3 Bn+pu+2)Bn+p+5)

and, thus

2

'ynwwn if n=7 mod 2,

with s« > —1. The choice 1 = 1 gives linear coefficients 7o, = 2(2n+1) and y,41 = (20 + 3).
The polynomials satisfying the recurrence relation (1.1) are given by

—1)" —n.Rpa
(—=1) (Ck)n QFQ( n,5 +3+ k;ms), for k=0,1,2 and n >0,
%‘i‘%‘i‘bk)n Ck

Payr(z; 1) = (

with a = ,u+—3(712n+5, bo=0, by =1 by=1andc; =(3,2), co=(%,3) and co = (5, 2).
This is indeed a particular example that falls in the framework of the specification in
this section. Particularly, one has that ®(z,t) = t2/3®(2t71/3,1) with ®(z,1) := 2F(y)
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and y = 2? satisfying the algebraic equation (4.1) with » = 2. The algebraic function
F' lives on a three-sheeted Riemann-surface B = Ry U Ry U R3 and the projections of
F' to the three sheets SRy, Ra, M3 correspond to three solutions Fi, Fy, F3 of the algebraic
equation. The branch points of the algebraic equation are described in (4.2)-(4.3) with
r = 2. Precisely, in this case, the branch points are

104+7V7 . 10-7J7

—_— = ———.
271 72 27

The sheets R; and R, are glued together along the interval [0, ¢;], the sheets R, and R;

are glued together along the interval [¢}, 0]. The three branches of F' have the asymptotic
behavior

* _ 02 *
cg=0% ¢ =

Fi(y) = O(1/y),
Fy(y) = 2+ o(1), when y — oo.
F3<y> - 2?7 + 0<1)7

;8 \

0.6

041

02 N

0.0 ‘ l [ —
o SOU A
0 0.2 0.4 0.6 0.8 {1047 7 0 02 04 06 08 2 (1047 v7)
27

Figure 1: Density in red of the inverse Stieltjes transform of G and G and histogram for
the 300 real roots (on the left) of Qgoo(2) and the roots (on the right) of the 300 positive
zeros of QI(2%) = Qooo(z) with 1 = 3. The small blue dots in the horizontal axis
represent those roots.

For this concrete example we are able to numerically compute the zeros of the poly-
nomials and analyze the histogram for the zero counting measure. The scaled polynomial
Q900(2;900) is a polynomial Qggo(z?’) of degree 300 in 23. For the choice of ;= 3, the
histogram is plotted below. The red curves correspond to the densities of the cubic roots
given in parametric form in (4.6a)-(4.6d) with r = 2 (which are of course independent of
the value of p). An algebraic expression can be obtained by using Cardano’s formula for
solving the cubic equation for the Stieltjes transform and choosing the correct branch.
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From here we obtain its inverse transform which leads to the following expression for the

density:
V3

o) = 2 (£t) ~ 1-0) (5 )+ Futo) + )

where

VT 5/9+ 10y & 31/9 + 20y — 2742
fe(y) = - ;

: 1047V7
with y € (0, 5.
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Appendix

A Marchenko-Pastur distribution

The Marchenko-Pastur distribution M P(),0?) describes the distribution of eigenvalues
of random matrices from the Wishart ensemble [21]. It is given by the density

_ 1 VAL —z)(@— )
2mo? AT ’

where A = 02(1 +v)? and 0 < XA < 1. If A > 1 then one needs to add a dirac measure
at the origin and consider (1 — 1/X)dy + warp. This is also the asymptotic distribution

wyrp(x) A<z <Ay, (A.1)

of the zeros of Laguerre polynomials L (nx) for which the parameter a = «,, grows in
such a way that lim,, o a,/n = a > —1 [11]. In that case 02 = 1 + a and A\o? = 1. The
Stieltjes transform is

z—0%(1—=X) — /(2 — 02(A + 1))2 — 4\o*

G(z) = 2\z02 ’ (A2)
the R-transform is )
o

R(’Z) - 1 o 0_2/\27 (A3>
and the S-transform is 1

B Kesten-McKay distribution

The Kesten-McKay distribution K M/a,b) appears in random walks and random graph

theory [15, 22] but also gives the distribution of eigenvalues of certain random matri-

ces and the asymptotic distribution of the zeros of Jacobi polynomials Pl when

lim,, oo 0 /n = a > 0 and lim,_, 5,/n = b > 0 [10]. We will use the non-symmetric
version, with density

_ i\/(l’ — A )M — )
Cr (1l —1z) ’

where 0 < A_ < A, <1 and
== VAP + (V1= = V1-2)%
For the asymptotic distribution of the zeros of Jacobi polynomials on [0, 1], one has
(a+D(a+b+1)+b+1+2\/(a+1)(b+1)(a+b+1)
(a+b+2)?

and a,b > 0. This gives a mapping between (A_, A;) and (a, b) and some of the formulas
are more easily expressed in terms of (a,b). The moments for the (symmetric) Kesten
distribution are given in [12]. The Stieltjes transform is

(a+b)z—a—(a+b+2)y/(z—A)(z— A\y)
22(1—2)

w () A<z <Ay, (B.1)

Ay =

G() = , (B.2)
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and the S-transform is
_uta+b+2

u+a+1
If a < 0 or b <0 then one has to add dirac distributions at 0 and/or 1. For instance
for 0 < A < 1 the distribution

S(u) (B.3)

a A
A+ (1= XNKM (1 _)\,m)

has S-transform

u+t2+a—A
Sy = ——— = B4
(w) u+1l+a ’ (B4)
which corresponds to (B.3) with b = —A. Furthermore the distribution
A b
1-MNKM | ——, ——
Ao + (1 = A) (1_A,1_A)
has S-transform ot b
u —_—
S)y= ———— = B.5
()= 22 (B.5)

which corresponds to (B.3) for a = —A. Finally, for A;, A2 > 0 and A\ + Ay < 1 the
distribution

A Ao
0o + Aad 11— —M)KM
100 + A201 + ( 1 2) <1_)\1_)\271_/\1_/\2)
has S-transform Lo )
[ — A1 — A2
S(u) = B.6
() =2 (B.6)

which corresponds to (B.3) with a = —A; and b = —\,.

C The Fuss-Catalan distribution

The Fuss-Catalan numbers are

1 kp+k
Cp = keN
k kp—l—l( 3 > <5

with p a positive integer. They are the moments of the Fuss-Catalan distribution. The
density is given by (see, e.g., [26, Thm. 3.3])

sin? psin?~! pp

1p+1

msin®(p+ L)p’ P

9

where
sin”* ! (p + 1)y

~ sinpsinfpp
If G(z) is the Stieltjes transform of the Fuss-Catalan distribution, then w = 2G(z) satisfies
the algebraic equation

WPt — 2w+ 2 = 0.
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The moment generating function M(z) = 1/2G(1/z) — 1 hence satisfies the equation

2Z(M+ 1P — M =0, (C.1)
so that the inverse function is
1 . u
M) = (u+ 1)ptt’
and the S-transform is )
S(u) = s (C.2)

Hence the Fuss-Catalan distribution is a p-fold free multiplicative convolution of the
Marchenko-Pastur distribution (6% =1, A = 1).

The Fuss-Catalan distribution appears as the limiting distribution of singular values
of a product of Ginibre random matrices [9] and as the limiting distribution of the zeros
of multiple Laguerre polynomials [27].
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