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Abstract

We investigate the ratio asymptotics and the asymptotic zero distribution of a
sequence of polynomials that satisfy a recurrence relation of order r + 1 with all
recurrence coefficients, except the last one, equal to zero. Such a sequence is part
of a system of multiple orthogonal polynomials and it satisfies the symmetry pro-
perty Pn(ωr+1z) = ωn

r+1Pn(z), where ωr+1 is the primitive (r + 1)th root of unity.
We consider the unbounded regime in which the recurrence coefficients exhibit alge-
braic growth and, after division by nγ become asymptotically periodic and bounded.
After the appropriate scaling, we establish ratio asymptotics and characterize the
limiting ratio as the distinguished solution of an algebraic equation. We then deter-
mine the limiting zero distribution through its Stieltjes transform and investigate
the associated S-transform, which in several cases yields connections with hyper-
geometric polynomial sequences and distributions arising in free probability. The
recurrence is represented by a two-diagonal non-self-adjoint Hessenberg operator,
so that the limiting zero measure also admits a natural interpretation as a limiting
empirical spectral distribution of its rescaled finite sections. Our analysis is based
solely on the positivity and asymptotic behavior of the recurrence coefficients and
requires no explicit knowledge of the underlying orthogonality measures.

Keywords. Multiple orthogonal polynomials, banded Hessenberg matrix, ratio asymp-
totics, asymptotic limiting zero distribution, free probability
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1 Introduction

We start with the recurrence relation

Pn+1(z) = zPn(z)− γn−rPn−r(z), n ≥ r, (1.1)

where r is an arbitrary integer with r ≥ 1, (γn)n is a sequence of positive real numbers
and

P0 = 1, P−1 = · · · = P−r = 0. (1.2)

This gives a sequence of monic polynomials, with Pn of degree n, and these polynomials

satisfy the symmetry property Pn(ωr+1z) = ωn
r+1Pn(z), where ωr+1 = e

2πi
r+1 , which can

easily be proved by induction. The zeros of the polynomial Pn(z) are all on the (r + 1)-
star

Σ =
r⋃

k=0

{xωk
r+1 : x ≥ 0}. (1.3)

In this paper we will assume that the recurrence coefficients are unbounded, but after
scaling they become asymptotically periodic with period r, i.e.,

lim
n→∞

γn
nγ

= αk, n ≡ (k − 1) mod r, (1.4)

with γ > 0 and α1, . . . , αr ∈ R+. If we put

Qn(z,N) = N− nγ
r+1Pn(N

γ
r+1 z), (1.5)

then the recurrence (1.1) becomes

Qn+1(z,N) = zQn(z,N)− γn−r

Nγ
Qn−r(z,N). (1.6)

Our goal is to describe the ratio asymptotics of the polynomial sequence (Pn(z))n≥0 as
well as its asymptotic distribution, under the assumptions regarding the behavior of the
recurrence coefficients γn outlined above.

Our first main result is:
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Theorem 1.1. Suppose Pn satisfies (1.1) and the recurrence coefficients γn are positive
and have the asymptotic behavior given by (1.4). Then, under the definition (1.5), we
have

lim
n→∞,n/N→t

Qn(z,N)

Qn+r(z,N)
= Φ(z, t), (1.7)

uniformly on compact subsets K of C\Σ, where Φ is a solution of the algebraic equation

1 = Φ(z, t)
r∏

j=1

(z − αjt
γΦ(z, t)) . (1.8)

for which zrΦ(z, t) → 1 as z → ∞.

The function Φ(z, t) in (1.8) satisfies a number of properties, which are explained in
Section 2.3. Most significantly, we can write

Φ(z, t) = t−γzF (t−γzr+1)

where F is a solution of the implicit equation

1 = yF
(
zr+1

)
Ar(F

(
zr+1

)
) with Ar(u) =

r∏
j=1

(1− αju) , (1.9)

for which yF (y) → 1 as y → ∞.
Our second main result describes the Stieltjes transform of the asymptotic distribution

of the zeros of the rescaled polynomials of large degree.

Theorem 1.2. If G(z) is the Stieltjes transform of the zero limiting distribution of the
rescaled polynomial sequence (Qn(z))n≥0, then one has

G(z) = −1

r

∫ 1

0

∂zΦ(z, t)

Φ(z, t)
dt, (1.10)

uniformly on compact sets of C \ Σ, where Φ(z, t) is given by (1.7)-(1.8) and such that
zrΦ(z, t) → 1 as z → ∞. Moreover, we have

G(z) = − 1

r z

(
1− (r + 1)

γ

1

(F (y)Ar(F (y)))
1
γ

∫ F (y)

0

(uAr(u))
1/γ 1

u
du

)
, (1.11)

with y = zr+1, with Ar and F as in (1.9).

The density for the asymptotic zero distribution can be obtained via the inverse Stielt-
jes transform of G. Since G is analytic in C\R and G(z) = O(1/z) as z → +∞, then there
exists a function σ defined on R that

G(z) = 1

2π

∫
R

σ(t)

z − t
dt

and σ is the density function we want. It can be obtained via the Sokhotski-Plemelj
formula, which means that

σ(x) =
1

2πi
(G+(x)− G−(x))

where G±(x) corresponds to boundary values of the function G(z) when z approaches the
real line from above and from below, precisely

G±(x) = lim
ϵ→0+

G(x± iϵ).
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1.1 Background and motivation

The case where the coefficients are bounded and all have the same asymptotic behavior
was first studied in [2], where a connection with multiple orthogonality (on the step-line)
was made. There it is referred to as vector orthogonality, whilst linking it to Hermite-Padé
approximation. A subsequent study [1] considered the ratio and weak asymptotics for the
case where the recurrence coefficients are an ℓ1-perturbation of a constant positive coeffi-
cient. For the asymptotically periodic and bounded recurrence coefficients, weak and ratio
asymptotics were subsequently obtained in [6], together with a vector-equilibrium inter-
pretation. Closely related asymptotic questions have also been investigated for multiple
orthogonal polynomials associated with Nikishin systems, in particular on star-like sets:
see [6, 18, 19] and references therein. See also [28] for ratio asymptotics of multiple or-
thogonal polynomials under convergence of the nearest-neighbour recurrence coefficients.

A central novelty of the present work is that the recurrence coefficients are allowed to
be unbounded with algebraic growth and a periodic modulation in the leading term (as
detailed in (1.4)). More precisely, we study the ratio asymptotics and the corresponding
limiting asymptotic distribution of the zeros of the polynomial sequence (Pn)n≥0 directly
from the recurrence relation (1.1), based solely on the positivity and the asymptotic
condition (1.4). Thus, for some γ > 0 and α1, . . . , αr > 0, γmr+k−1 ∼ αk (mr + k −
1)γ, k = 1, 2, . . . , r as m → ∞. In particular, our analysis does not require explicit
knowledge of the orthogonality measures, nor any additional structural assumption on
them, such as the Nikishin property. Our main results are stated in Theorem 1.1 and
Theorem 1.2. In Section 2 we first establish the estimates and interlacing properties of
the zeros needed to prove the ratio asymptotics. These asymptotics are then used in
Section 3 to obtain the limiting zero distribution through its Stieltjes transform (here
denoted as G-transform). We further investigate the associated S-transform, building
on the finite-free convolution framework [23] and the asymptotic analysis framework for
generalized hypergeometric polynomials developed in [24], identifying cases where our
S-transforms relate to those arising from hypergeometric polynomials outlined therein.
Finally, in Section 4 we work out several examples in detail. The last example treats
the case in which one residue class of the recurrence coefficients has a different leading
asymptotic coefficient from the remaining r − 1 classes. One of the families studied in
detail in [20, Case B] provides a particular case with r = 2. For reference, the Appendix
collects the basic properties and transforms of the Marchenko-Pastur, Kesten-McKay and
the Fuss-Catalan distributions that are used throughout the examples.

There is also a natural spectral interpretation of these results. The polynomial Pn is
the characteristic polynomial of the n × n principal truncation Hn in (2.2) of the two-
diagonal Hessenberg operator associated with the recurrence (1.1). Consequently, the
zeros of the rescaled polynomial Qn are the eigenvalues of the corresponding rescaled
Hessenberg matrix. Thus, from this point of view, Theorem 1.2 describes the limiting
empirical spectral distribution of a family of non-self-adjoint banded Hessenberg matrices
with algebraically growing recurrence coefficients whose leading-order behavior is periodic.
Equivalently, its Stieltjes transform is obtained as the limit of the normalized trace of the
resolvents of these finite sections. With the rescaling (1.5), then we have

Qn(z;N) = det
(
zI−N−γ/(r+1)Hn

)
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and, consequently, when n = N ,

1

N

Q′
N(z;N)

QN(z;N)
=

1

N
Tr
(
zI−N−γ/(r+1)HN

)−1
.

These results also have a natural connection with spectral theory and random matrix
models. Multiple orthogonal polynomials occur as average characteristic polynomials and
in the correlation structure of several random matrix models and related determinantal
point processes. For example, they are average characteristic polynomials of Hermitian
random matrices with external source [4], two-matrix models [8] and non-intersecting path
models [5].

As such, Theorem 1.2 suggests a potentially useful framework: whenever the aver-
age characteristic polynomial of the relevant multiple orthogonal polynomials of a model
have recurrence coefficients satisfying the asymptotic condition γn ∼ αk n

γ, the global
zero asymptotics of the associated average characteristic polynomials could potentially
be obtained directly from their recurrence coefficients, without first carrying out a full
Riemann-Hilbert or equilibrium analysis. In models where the limiting zero distribution
of the average characteristic polynomials is known to coincide with the limiting eigenvalue
distribution, this may also provide an alternative route to the global spectral law.

In special cases, the limiting measures arising here coincide with familiar distributions
from random matrix theory and free probability. For instance, the Fuss-Catalan law
occurring in Section 4 is also the limiting squared singular-value distribution for products
of Ginibre matrices. The S-transform therefore provides a useful tool for comparing the
spectral laws arising from the recurrence (1.1) with those coming from random matrices
and from hypergeometric polynomial ensembles.

2 Ratio asymptotics

We begin by showing that the zeros of each of the polynomials Pn satisfying (1.1) with γn >
0 enjoy interlacing properties, rotational symmetry and are all lying on the (r+1)-star Σ
in (1.3). These structural properties are fundamental to the study of ratio asymptotics.
Accordingly, in Section 2.2 we prove our first main result – Theorem 1.1 – and in Section
2.3 we analyze the relevant properties of the function Φ describing the ratio asymptotics.

2.1 Properties of the zeros

The asymptotic behavior of the γ-coefficients is closely related to that of the largest zero
of each polynomial. For the case of two measures (r = 2) this has been shown in [20, Th.
2.6], whose proof can be straightforwardly extended to the case of r ≥ 2 measures and,
in this case, we have:

Proposition 2.1. Suppose Pn(x) is a polynomial of degree n satisfying (1.1) with γn > 0
and that (1.4) holds. If α = max

k∈Zr

{αk}, then the largest zero in absolute value |xn,n| of
Pn(x) satisfies

|xn,n| ≤
(
1 +

1

r

)
(α r nγ)1/(r+1) + o(nγ/(r+1)) as n → +∞. (2.1)
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Proof. Consider the Hessenberg matrix

Hn =



0 1 0 · · · 0 0 0 0 0
0 0 1 0 · · · 0 0 0 0
...

...

0
. . .

γ1 0 · · · 1 · · · 0 0
0 γ2 0 · · · 1 · · · 0 0

. . . . . .
. . . . . .

0 0 0 · · · γn−r−1 · · · 0 0 1
0 0 0 0 · · · γn−r · · · 0 0



(2.2)

so that the recurrence relation (1.1) can be expressed as

Hn


P0(x)
P1(x)

...
Pn−1(x)

 = x


P0(x)
P1(x)

...
Pn−1(x)

− Pn(x)


0
0
...
1


and each zero of Pn is an eigenvalue of the matrix Hn. The spectral radius of the matrix
Hn,

ρ(Hn) = max{|λ| : λ is an eigenvalue of Hn},

is bounded from above by ||Hn|| where || · || denotes a matrix norm (see [13, Section 5.6]).
We take the matrix norm

∥Hn∥S = ||S−1HnS||∞ = max
1≤i≤n

{
n∑

j=1

∣∣(S−1HnS)i,j
∣∣} ,

where S corresponds to a non-singular matrix and (S−1HnS)i,j denotes the ith row and
jth column entry of the product matrix S−1HnS. In particular if S is an invertible
diagonal matrix S = diag(d1, . . . , dk, . . . , dn), then

∥Hn∥S
= max

{
d2
d1
, . . . , dr+1

dr
, dr+2+d1γ1

dr+1
, . . . ,

dj+dj−r−1γj−r−1

dj−1
, . . . , dn+dn−r−1γn−r−1

dn−1
, dn−rγn−r

dn

}
.

Setting dk = dk(k!)
γ

r+1 ̸= 0, for some positive constant d, gives

∥Hn∥S ≤
(
d+

α

dr

)
nγ/(r+1) + o(nγ/(r+1)) as n → +∞.

The choice of d = (αr)1/(r+1) gives a minimum to
(
d+ α

dr

)
, so that

∥Hn∥S ≤
(
1 +

1

r

)
(α r nγ)1/(r+1) + o(nγ/(r+1)) as n → +∞,

which implies the result.
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Except at the origin, all the zeros of each Pn satisfying (1.1) are simple and interlace
with those of Pn+1, . . . , Pn+r−1, as formally stated next.

Proposition 2.2 (c.f. [3, Th. 2.2]). Suppose Pn satisfies (1.1) with γn > 0. For each
n = (r + 1)m+ j with m ≥ 0 and j ∈ Zr+1, the following statements hold:

(a) If z is a zero of Pn, then so is ωjz for any j ∈ Zr+1, where ω = exp(2πi/(r + 1)).

(b) Pn has a zero of multiplicity j at the origin and another m distinct positive real
zeros, which we denote by xn,j,s with s ∈ {1, . . . ,m} and therefore we order them as

0 < xn,j,1 < xn,j,2 < . . . < xn,j,m.

(c) The positive zeros xn,j,s interlace:

0 < xn,0,1 < . . . < xn,r,1 < xn,0,2 < . . . < xn,j,s < xn,j+1,s < . . . < xn,r−1,m < xn,r,m.

The interlacing property for the real zeros of Qn(z;N) follows straightforwardly from
the latter result.

Corollary 2.3. Let Qn(z;N) satisfy (1.6) with γn−r > 0 and suppose

lim
n→∞,n/N→t

γn−r

Nγ
= αkt

γ, n ≡ k mod r. (2.3)

If n = m(r+1)+ j, with j ∈ Zr+1, then Qn(z) has m positive real zeros yn,j,s and can be
written as

Qn(z;N) = zj
m∏
s=1

(
zr+1 − (yn,j,s)

r+1
)
, with yn,j,s(N) = N− γ

r+1xn,j,s . (2.4)

Moreover, all the zeros interlace and the largest zero yn,j,m satisfies

|yn,j,m(N)| ≤
(
1 +

1

r

)
(α r tγ)1/(r+1) + o

(
tγ/(r+1)

)
as n → +∞, and

n

N
→ t,

where α = max
k∈Zr

αk.

Proof. According to Proposition 2.2, if Pn satisfies (1.1) with γn > 0, then it can be
written as

Pn(z) = zj
m∏
s=1

(
zr+1 − (xn,j,s)

r+1
)
, n = (r + 1)m+ j, m ≥ 0, j ∈ Zr+1.

Following the definition Qn(z;N) in (1.5), we obtain (2.4). The interlacing property of
the zeros follows directly from Proposition 2.2 and the majorization result for the largest
zero in absolute value follows from Proposition 2.1.
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2.2 Proof of Theorem 1.1

Suppose that

lim
n→∞,n/N→t

Qn(z,N)

Qn+1(z,N)
= ϕk(z, t), n ≡ (k − 1) mod r, (2.5)

holds, for k = 1, 2, . . . , r. Then dividing (1.6) by Qn+1(z,N) gives

1 = z
Qn(z,N)

Qn+1(z,N)
− γn−r

nγ

( n

N

)γ Qn−r(z,N)

Qn+1(z,N)
, (2.6)

and if n ≡ k mod r and n → ∞ and n/N → t, one finds

1 = zϕk(z, t)− αkt
γϕk(z, t)Φ(z, t), (2.7)

where
Φ(z, t) = ϕ1(z, t)ϕ2(z, t) · · ·ϕr(z, t).

From (2.7) we find
1

ϕk(z, t)
= z − αkt

γΦ(z, t), 1 ≤ k ≤ r. (2.8)

Multiplying these equations then gives (1.8). If we now define

Br(x) =
r∏

j=1

(x− αj),

then we find that Φ satisfies the equation

1

Φ(z, t)
= trγΦr(z, t) Br

(
zt−γ

Φ(z, t)

)
. (2.9)

We still need to prove that there exist r functions ϕ1(z, t), ϕ2(z, t), . . . , ϕr(z, t) such
that (2.5) holds uniformly on compact sets of C \ Σ.

We first prove that
∣∣∣ Qn(z;N)
Qn+1(z,N)

∣∣∣ is bounded for all z on a compact set in C \ Σ.

Lemma 2.1. Let K be a compact set in C \ Σ and δ the distance between K and Σ:

δ = min{|x− y|, x ∈ K, y ∈ Σ}.

Suppose Qn satisfies (1.6) with γn > 0 subject to (2.3). Then, if yn,j,s represent the positive
zeros of Qn, there exist positive c1(t), c2(t) and M(t) such that

c1(t) ≤
γn−r

Nγ
≤ c2(t) and |yn,j,s| ≤ M(t),

and the following inequalities hold:

(a) ∣∣∣∣Qn−r(z,N)

Qn+1(z,N)

∣∣∣∣ ≤ 1

δ
and

∣∣∣∣ Qn(z;N)

Qn+1(z,N)

∣∣∣∣ ≤ 1

δ

(
1 +

c2(t)

δ

)
, for all z ∈ K. (2.10)
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(b) ∣∣∣∣Qn−r(z,N)

Qn+1(z,N)

∣∣∣∣ > 1

2|z|r+1
,

and ∣∣∣∣ Qn(z;N)

Qn+1(z,N)

∣∣∣∣ > 1

|z|

(
c1(t)

2 |z|r+1
− 1

)
for all |z| > M(t).

Proof. Let K be a compact set in C \ Σ and δ the distance between K and Σ:

δ = min{|x− y|, x ∈ K, y ∈ Σ}.

Our strategy is to prove that∣∣∣∣ Qn(z;N)

Qn+1(z,N)

∣∣∣∣ ≤ δ∗, z ∈ K.

The (r + 1)-fold symmetry of the sequence {Qn(z,N)} means that there are (r + 1)

sequences {Q[k]
m (z,N)}n≥0 with degQ

[k]
m (z,N) = m for each k ∈ Zr+1 such that

Qn(z,N) = zkQ[k]
m (zr+1, N), where n = (r + 1)m+ k.

Therefore, for any n ≥ 0, the ratio

zQn(z;N)

Qn+1(z,N)

only depends on zp+1 and no other powers of z are involved. Proposition 2.2 tells us that
Qm(r+1)+k(z;N) has a zero of order j at the origin, m distinct zeros on the positive real
line, and all the other mr zeros are 2π

r+1
rotations of the zeros on the positive real line.

Precisely, if zn,N,j ̸= 0, for 0 ≤ j ≤ m(r + 1) is a zero of Qm(r+1)+k(z;N) we then have

zn,N,j = (yn,N,ℓ)
r+1 with yn,N,ℓ ∈ R+ and 0 ≤ ℓ ≤ m.

This means we can consider the partial fractions decomposition

zQn(z;N)

Qn+1(z,N)
= 1 +

m∑
ℓ=1

An+1,N,ℓ

zr+1 − (yn+1,N,ℓ)
r+1 , (2.11)

where (n + 1 − m(r + 1)) ∈ Zr+1. The interlacing property of the zeros (described in
Proposition 2.2) implies that An+1,N,ℓ in (2.11) are positive. On the other hand, from the
recurrence relation (1.6) we have

γn−r

Nγ

Qn−r(z,N)

Qn+1(z,N)
=

m∑
ℓ=1

An+1,N,ℓ

zr+1 − (yn+1,N,ℓ)
r+1 .

We take the limit as z → +∞ on both sides of the latter identity after multiplying it by
zr+1, to then obtain

γn−r

Nγ
=

m∑
ℓ=1

An+1,N,ℓ. (2.12)
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Therefore we obtain (2.10) because∣∣∣∣Qn−r(z,N)

Qn+1(z,N)

∣∣∣∣ =
∣∣∣∣∣ Nγ

γn−r

m∑
ℓ=1

An+1,N,ℓ

zr+1 − (yn+1,N,ℓ)
r+1

∣∣∣∣∣ ≤ 1

δ

∣∣∣∣ Nγ

γn−r

∣∣∣∣
∣∣∣∣∣

m∑
ℓ=1

An+1,N,ℓ

∣∣∣∣∣ = 1

δ
.

The boundedness of γn−r

Nγ implies ∣∣∣∣∣
m∑
ℓ=1

An+1,N,ℓ

∣∣∣∣∣ ≤ c2.

For z ∈ K, the left hand side of (2.11) satisfies

δ

∣∣∣∣ Qn(z;N)

Qn+1(z,N)

∣∣∣∣ ≤ ∣∣∣∣ zQn(z;N)

Qn+1(z,N)

∣∣∣∣ , (2.13)

whilst the right hand side is such that∣∣∣∣∣1 +
m∑
ℓ=1

An+1,N,ℓ

zr+1 − (yn+1,N,ℓ)
r+1

∣∣∣∣∣ ≤ 1 +
|
∑m

ℓ=1An+1,N,ℓ|
δ

≤ 1 +
c2
δ
.

As a result, we obtain ∣∣∣∣ Qn(z;N)

Qn+1(z,N)

∣∣∣∣ ≤ 1

δ

(
1 +

c2
δ

)
. (2.14)

In order to prove part (b), we start by observing that if |z| > M = max
n∈N

(yn,j,m), then

|yn,j,s/z| < 1 so that R
(

1
1−yn,j,s/z

)
> 1

2
for 1 ≤ s ≤ m and j ∈ Zr+1. Therefore,∣∣∣∣Qn−r(z,N)

Qn+1(z,N)

∣∣∣∣ =
∣∣∣∣∣ Nγ

γn−r

m∑
ℓ=1

An+1,N,ℓ

zr+1 − (yn+1,N,ℓ)
r+1

∣∣∣∣∣
=

Nγ

γn−r

1

|z|r+1

∣∣∣∣∣
m∑
ℓ=1

An+1,N,ℓ

1− (yn+1,N,ℓ/z)
r+1

∣∣∣∣∣
≥ Nγ

γn−r

1

|z|r+1

m∑
ℓ=1

R

(
An+1,N,ℓ

1− (yn+1,N,ℓ/z)
r+1

)

>
Nγ

γn−r

1

2 |z|r+1

m∑
ℓ=1

An+1,N,ℓ =
1

2 |z|r+1
,

where, for the last identity, we have used (2.12).
Finally, the second inequality in part (b) follows from

1

2 |z|r+1
<

∣∣∣∣Qn−r(z,N)

Qn+1(z,N)

∣∣∣∣
=

∣∣∣∣( z Qn(z,N)

Qn+1(z,N)
− 1

)
Nγ

γn−r

∣∣∣∣
≤
(∣∣∣∣ z Qn(z,N)

Qn+1(z,N)

∣∣∣∣+ 1

) ∣∣∣∣ Nγ

γn−r

∣∣∣∣
≤
(∣∣∣∣ z Qn(z,N)

Qn+1(z,N)

∣∣∣∣+ 1

)
1

c1
.
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We can then conclude that (
Qmr+k(z)

Qmr+k+1(z;N)

)
m

is a normal family on C \ Σ. By Montel’s theorem for k = 1, there is a subsequence that
converges to some function ϕ1(z, t), uniformly on compact sets of C \ Σ.

There is also a further subsequence that converges for k = 2 to ϕ2(z, t), and we can
do this for every k with 1 ≤ k ≤ r. We conclude that there is a subsequence for which
there are functions ϕ1, . . . , ϕr such that

lim
m→∞,mr/N→t

Qmr+k(z,N)

Qmr+k+1(z,N)
= ϕk(z, t), (2.15)

uniformly on compact subsets of C \ Σ.
These ϕ1, . . . , ϕr may depend on the subsequence, so we need to show that they do not

depend on the subsequence. In order to do so, we use the following two auxiliary results.

Lemma 2.2. Suppose (an)n≥0 is a positive sequence for which

an+1 ≤ cn + a
r−1∑
k=0

an−k, n ≥ 0, (2.16)

where r is an integer ≥ 1, 0 < a ≤ 1 and (cn)n≥0 a positive sequence. Then one has

an+1 ≤ a0A
n+1 +

n∑
k=0

ckA
n−k, (2.17)

where A = 2a1/r.

Proof. We will use induction on n. For n = 0 we have from (2.16)

a1 ≤ c0 + aa0.

Now use the fact that a ≤ a1/r < 2a1/r whenever 0 < a ≤ 1 to find that a1 ≤ c0 + a0A,
which is (2.17) for n = 0.

Now assume (2.17) is true up to n− 1. Then from (2.16) we find

an+1 ≤ cn + a
r−1∑
k=0

(
a0A

n−k +
n−k−1∑
j=0

cjA
n−k−j−1

)
.

Now observe that

a
r−1∑
k=0

A−k = a
1
Ar − 1
1
A
− 1

≤ A, if 0 < a ≤ 1. (2.18)

Hence

aa0

r−1∑
k=0

An−k ≤ a0A
n+1.

11



Furthermore

a

r−1∑
k=0

n−k−1∑
j=0

cjA
n−k−j−1 = a

n−r∑
j=0

cjA
n−j−1

r−1∑
k=0

A−k + a

n−1∑
j=n−r+1

cjA
n−j−1

n−j−1∑
k=0

A−k.

By using (2.18) we see that for the first term on the right

a
n−r∑
j=0

cjA
n−j−1

r−1∑
k=0

A−k ≤
n−r∑
j=0

cjA
n−j.

In the second sum on the right we have that j ≥ n− r + 1 so that

n−j−1∑
k=0

A−k ≤
r−1∑
k=0

A−k,

and hence, by using (2.18) again,

a
n−1∑

j=n−r+1

cjA
n−j−1

n−j−1∑
k=0

A−k ≤
n−1∑

j=n−r+1

cjA
n−j.

Combining this gives the required inequality (2.17).

Corollary 2.4. Suppose a < 2−r and (cn)n≥0 is a positive sequence for which limn→∞ cn =
0. If

0 ≤ an+1 ≤ cn + a
r−1∑
k=0

an−k, n ≥ 0,

then limn→∞ an = 0.

Proof. We use the previous lemma, which gives

0 ≤ an+1 ≤ a0A
n+1 +

n∑
k=0

ckA
n−k,

with A < 1. Then the result follows easily because

lim
n→∞

n∑
k=0

ckA
n−k = 0.

We use the two last results to prove the following:

Lemma 2.3. Under the same assumptions as in Lemma 2.1, then

lim
n→∞,mr/N→t

∣∣∣∣ Qn(z;N)

Qn+1(z;N)
− Qn+r(z;N)

Qn+1+r(z;N)

∣∣∣∣ = 0,

uniformly on compact subsets K ⊂ C\Σ.
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Proof. From the recurrence relation (1.6), we have

z =
Qn+1(z;N)

Qn(z;N)
+

γn−r

Nγ

Qn−r(z;N)

Qn(z;N)
.

The same relation with n replaced by n+ r reads as

z =
Qn+r+1(z;N)

Qn+r(z;N)
+

γn
Nγ

Qn(z;N)

Qn+r(z;N)
.

Subtracting the former from the latter leads to

Qn+1(z;N)

Qn(z;N)
− Qn+r+1(z;N)

Qn+r(z;N)

=
γn
Nγ

(
Qn(z;N)

Qn+r(z;N)
− Qn−r(z;N)

Qn(z;N)

)
+
( γn
Nγ

− γn−r

Nγ

) Qn−r(z;N)

Qn(z;N)

which is the same as

Qn+r+1(z;N)

Qn(z;N)

(
Qn+1(z;N)

Qn+r+1(z;N)
− Qn(z;N)

Qn+r(z;N)

)
=

γn
Nγ

(
Qn(z;N)

Qn+r(z;N)
− Qn−r(z;N)

Qn(z;N)

)
+
( γn
Nγ

− γn−r

Nγ

) Qn−r(z;N)

Qn(z;N)
.

If we set

Dn(z;N) =
Qn(z;N)

Qn+r(z;N)
− Qn−1(z;N)

Qn−1+r(z;N)
,

then we obtain the following rth order recurrence relation for Dn(z;N)

Dn+1(z;N)

=
Qn(z;N)

Qn+r+1(z;N)

γn
Nγ

(
r−1∑
ℓ=0

Dn−ℓ(z;N)

)
+
( γn
Nγ

− γn−r

Nγ

) Qn−r(z;N)

Qn+r+1(z;N)
,

subject to the initial conditions Dj(z;N) = 0 for negative j and D0 = z−r.

Dj(z;N) = zj−1

(
z

Qj+r(z;N)
− 1

Qj−1+r(z;N)

)
=

γj
Nγ

z2j−1

Qj−1+r(z;N)Qj+r(z;N)

for j = 1, . . . , r.
Using (2.10), it follows

|Dn+1(z;N)| ≤ Cn +
c2(t)

δ

r−1∑
ℓ=0

|Dn−ℓ(z;N)| , (2.19)

with

Cn =
∣∣∣ γn
Nγ

− γn−r

Nγ

∣∣∣ 1

δr+1

(
1 +

c2(t)

δ

)r

, n ≥ 0.

Under the assumption that (2.3) holds uniformly, then this implies that for every δ > 0

lim
n→∞
n/N→t

Cn = 0.
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If we choose a compact set K⋆ so that δ is large enough in order to ensure that c2(t)
δ

< 2−r.
Therefore Lemma 2.2 and Corollary 2.4 can be applied to conclude that

|Dn+1(z;N)| → 0 as n → ∞

uniformly for z ∈ K⋆.
Besides,

|Dn+1| ≤ 2

(
1

δ

(
1 +

c2(t)

δ

))r

on any compact K ⊂ C\Σ. By Vitali’s theorem, we can conclude that |Dn+1| converges
uniformly to 0 on every compact set K ⊂ C\Σ.

Hence, we conclude that Qmr+k(z,N)/Qmr+k+1(z,N) converges to ϕk along a subse-
quence m = mℓ, ℓ → ∞, then also

lim
m=mℓ→∞

Q(m+1)r+k(z,N)

Q(m+1)r+k+1(z,N)
= ϕk(z, t).

From here we can do the reasoning leading to (2.5)–(2.7), and hence Φ = ϕ1 · · ·ϕr

is the solution of (2.9) which behaves like 1/zr as z → ∞, and thus every convergent
subsequence has the same limits ϕ1, . . . , ϕr, which are obtained from Φ by using (2.8).
That implies that the full sequence converges and (2.5) holds.

2.3 Properties of the ratio asymptotics

Observe that (2.9) is an algebraic equation of order r + 1 for the function Φ. We need
the solution for which Φ(z, t) ∼ z−r as z → ∞. The equation also has r other solutions
for which z/Φ ∼ αjt

γ as z → ∞, for 1 ≤ j ≤ r. Once we know what Φ is, we can find
every ϕk from (2.8). The function Φ depends on two variables z and t. We can remove
the dependence on t by the following property.

Proposition 2.5. The function Φ satisfies

Φ(z, t) = t−rνΦ(zt−ν , 1), with ν =
γ

r + 1
, (2.20)

as well as

Φ(z, t) = ω−kΦ(ωkz, t), for k = 0 . . . r, when ω ∈ C : ωr+1 = 1 (2.21)

and
Φ(z, t) = Φ(z, t). (2.22)

Proof. Use (2.9) with t = 1 to find

1

Φ(z, 1)
= Φr(z, 1)Br

(
z

Φ(z, 1)

)
. (2.23)

Now change z to zt−ν , then

1

Φ(zt−ν , 1)
= Φr(zt−ν , 1)Br

(
zt−ν

Φ(zt−ν , 1)

)
.
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Multiply both sides of the equation by trν to find

1

t−rνΦ(zt−ν , 1)
= t(r+r2)ν

(
t−rνΦ(zt−ν , 1)

)r
Br

(
zt−(r+1)ν

t−rνΦ(zt−ν , 1)

)
.

Now observe that (r + 1)ν = γ, so that t−rνΦ(zt−ν , 1) satisfies the algebraic equation
(2.9). Furthermore it has the same behavior for z → ∞ as Φ(z, t) and this proves (2.20).

Besides, if ω ∈ C is the (r+1)th root of unity, i.e. ωr+1 = 1, then (2.9) with z replaced
by ωz becomes

1 = trγ (Φ(ωz, t))r+1
r∏

k=1

(
ωzt−γ

Φ(ωz, t)
− αk

)
which is the same as

1 = trγ
(
ω−1Φ(ωz, t)

)r+1
r∏

k=1

(
zt−γ

ω−1Φ(ωz, t)
− αk

)
.

Hence ω−1Φ(ωz, t) satisfies the algebraic equation (2.9) and its roots have the same asymp-
totic behavior for z → ∞ as Φ(z, t), which implies (2.21) with k = 1. By iteration, we
obtain (2.21).

By evoking similar arguments, based on (2.23), one shows that (2.22) holds.

The properties of the algebraic function Φ(z, t) satisfying (2.9) follow directly from
the study of Φ(z, 1) satisfying

1

Φ(z, 1)
= (Φ(z, 1))r

r∏
j=1

(
z

Φ(z, 1)
− αj

)
. (2.24)

As a direct consequence of Proposition 2.5, one can see from (2.8) that the factors
ϕk(z, t) of Φ(z, t) satisfy

ϕk(z, t) = t−
γ

r+1 ϕk(zt
− γ

r+1 , 1),

as well as
ϕk(ωz, t) = ω−1ϕk(z, t), for 1 ≤ k ≤ r.

In the light of Proposition 2.5, our main interest is the study of the multi-valued
algebraic function defined by

1 = (Φ(z, 1))r+1
r∏

j=1

(
z

Φ(z, 1)
− αj

)
. (2.25)

We are primarily interested in the solution Φ(z, 1) ∼ z−r as z → ∞. We write

Φ(z, 1) = zF (zr+1) (2.26)

and (2.25) gives the algebraic equation for the function F (z) in (1.9), or, equivalently,

ξ =
1

F (ξ)
r∏

j=1

(1− αjF (ξ))
with ξ = zr+1. (2.27)
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The function F (ξ) is an algebraic function of order r + 1 and genus 0. The rational
function ξ(F ) gives the composition of a conformal map of the sphere to the Riemann
surface R of the function F (ξ) and the projection to the complex plane.

If the discriminant has r + 1 zeros which are the branch points ξ0, . . . ξr, then F has
(r + 1) branches with the following asymptotic behavior

F0(ξ) =
1

ξ
+O(1/ξr), Fk(ξ) =

1

αk

+O (1/ξ) , for k = 1, . . . , r.

3 Asymptotic zero distribution

The asymptotic zero distribution of a sequence of polynomials (or the empirical distribu-
tion of its zeros) is obtained as a weak∗ limit of the zero counting measures. Precisely,
the zero counting measure of a polynomial P is defined as

χ(P ) :=
∑

{x:P (x)=0}

δx

where the sum is taken over all zeros of the polynomial P , counting their multiplicities,
and δx is the Dirac measure supported at x (i.e., a mass point at x). We define the
empirical distribution of the zeros of Qn(z,N) (its normalized zero counting measure) by

µn =
1

n
χ(Qn(z;N)) :=

1

n

n∑
k=1

δy
k,n,N

,

where {yk,n,N , 1 ≤ k ≤ n} are the zeros of Qn(z,N). The corresponding Stieltjes trans-
forms are given by

1

n

Q′
n(z,N)

Qn(z,N)
=

∫
1

z − x
dµn(x).

Our goal is to show that the sequence of measures (µn)n≥0 converges in the weak∗ limit
to a measure µ. For that, we need to find

lim
n→∞,n/N→t

1

n

Q′
n(z,N)

Qn(z,N)
. (3.1)

The limit in (3.1) will then give the Stieltjes transform

G(z) =
∫

dµ(x)

z − x

of the weak limit of the measures (µn)n and, by using the Sokhotski-Plemelj formula
(Stieltjes inversion formula) one can retrieve from G the measure µ describing the asymp-
totic distribution of the zeros.

First, we prove the following result, which gives an expression for the Stieltjes trans-
form G(z) of the measure describing the asymptotic distribution of the the zeros.

Theorem 3.1. Let Φ(z, t) is the solution of (1.7) such that zrΦ(z, t) → 1 as z → ∞.
Then, one has

lim
N→∞

1

N

Q′
N(z,N)

QN(z,N)
= −1

r

∫ 1

0

∂zΦ(z, t)

Φ(z, t)
dt, (3.2)

uniformly on compact sets of C \ Σ.
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Proof. Based on Theorem 1.1, the limit (1.7) exists and the convergence holds uniformly
on every compact subset of C \ Σ, where Σ is the set containing all the zeros, which in
our case is the (r + 1)-star

⋃r
j=0{xωk

r+1, 0 ≤ x < ∞}. Taking derivatives in (1.7) gives

lim
n→∞,n/N→t

Q′
n(z,N)Qn+r(z,N)−Qn(z,N)Q′

n+r(z,N)

Q2
n+r(z,N)

=
∂Φ(z, t)

∂z
.

The left hand side is equal to

Qn(z,N)

Qn+r(z,N)

(
Q′

n(z,N)

Qn(z,N)
−

Q′
n+r(z,N)

Qn+r(z,N)

)
,

so that

lim
n→∞,n/N→t

(
Q′

n(z,N)

Qn(z,N)
−

Q′
n+r(z,N)

Qn+r(z,N)

)
=

∂Φ(z, t)

∂z
Φ(z, t)

. (3.3)

Consider the sum
m−1∑
j=0

(
Q′

rj+k(z,N)

Qrj+k(z,N)
−

Q′
r(j+1)+k(z,N)

Qr(j+1)+k(z,N)

)
. (3.4)

This telescoping sum equals

Q′
k(z,N)

Qk(z,N)
−

Q′
rm+k(z,N)

Qrm+k(z,N)
.

On the other hand, we can write the sum (3.4) also as

N
m−1∑
j=0

∫ j+1
N

j
N

(
Q′

(⌊Nt⌋r+k(z,N)

Q⌊Nt⌋r+k(z,N)
−

Q′
(⌊Nt⌋+1)r+k(z,N)

Q(⌊Nt⌋+1)r+k(z,N)

)
dt,

because on [ j
N
, j+1

N
) we have that ⌊Nt⌋ = j. Thus, the sum (3.4) is also

N

∫ m/N

0

(
Q′

(⌊Nt⌋r+k(z,N)

Q⌊Nt⌋r+k(z,N)
−

Q′
(⌊Nt⌋+1)r+k(z,N)

Q(⌊Nt⌋+1)r+k(z,N)

)
dt.

Hence, using (3.3) we find

lim
m→∞,mr/N→1

1

N

Q′
mr+k(z,N)

Qmr+k(z,N)
= −

∫ 1/r

0

∂zΦ(z, tr)

Φ(z, tr)
dt. (3.5)

By the change of variables tr → t and N = mr + k, we thus have (3.2).

From (2.20) it follows

−1

r

∂zΦ(z, t)

Φ(z, t)
=

1

z

(
t

r ν

∂tΦ(z, t)

Φ(z, t)
+ 1

)
,

and, more relevantly,

−1

r

∂zΦ(z, t)

Φ(z, t)
= −1

r
t−ν ∂uΦ(u, 1)

Φ(u, 1)

∣∣∣∣
u=zt−ν

= − 1

rz

u ∂uΦ(u, 1)

Φ(u, 1)

∣∣∣∣
u=zt−ν

.

17



3.1 Proof of Theorem 1.2

Writing Φ(u, 1) = uF (ur+1), then

∂uΦ(u, 1)

Φ(u, 1)
=

F (ur+1) + (r + 1)ur+1F ′(ur+1)

uF (ur+1)

and this gives

−1

r

∂zΦ(z, t)

Φ(z, t)
= − 1

r z

(
1 + (r + 1)

ur+1F ′(ur+1)

F (ur+1)

∣∣∣∣
u=zt−ν

)
,

where F ′(y) := d
dy
F (y). We write equation (1.9) as

1 = yF (y)Ar(F (y)) with Ar(F (y)) =
r∏

j=1

(1− αjF (y)) ,

which, after differentiation with respect to y, leads to

y
F ′(y)

F (y)
= − Ar(F (y))

(Ar(F (y)) + F (y)A′
r(F (y)))

= − 1

1 + F (y) A′
r(F (y))

Ar(F (y))

.

Hence, based on Theorem 3.1, we have

lim
N→∞

1

N

Q′
N(z,N)

QN(z,N)
= −1

r

∫ 1

0

t−ν ∂uΦ(u, 1)

Φ(u, 1)

∣∣∣∣
u=t−νz

dt

= − 1

rz

∫ 1

0

(
1 + (r + 1)

zr+1t−γ F ′(zr+1t−γ)

F (zr+1t−γ)

)
dt

= − 1

rz

(
1 + (r + 1)

∫ 1

0

zr+1t−γ F ′(zr+1t−γ)

F (zr+1t−γ)
dt

)
because

−1

r

∂zΦ(z, t)

Φ(z, t)
=− 1

r
t−ν

(
∂uΦ(u, 1)

Φ(u, 1)

)∣∣∣∣
u=zt−ν

= −1

r
t−ν

(
1

u
+

(r + 1)

u

ur+1F ′(ur+1)

F (ur+1)

)∣∣∣∣
u=zt−ν

and ν = γ
r+1

. With the change of variable u = F (zr+1t−γ), the integral becomes

lim
N→∞

1

N

Q′
N(z,N)

QN(z,N)
= − 1

rz

(
1 + (r + 1)

∫ 1

0

ξF ′(ξ)

F (ξ)

∣∣∣∣
ξ=zr+1t−γ

dt

)

= − 1

r z

1− (r + 1)

γ
z

r+1
γ

∫ F (zr+1)

0

u
1−γ
γ

(
r∏

j=1

(1− αju)

)1/γ

du

 ,

where we have used (2.27) to obtain

t =

(
zr+1u

r∏
j=1

(1− αju)

)1/γ

.
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3.2 Reduction to the real line

Following Proposition 2.2 and Corollary 2.3, the sequence of polynomials (QN(z;N))N≥0

is (r + 1)-fold symmetric, and each polynomial QN(z;N) has ⌊N/(r + 1)⌋ distinct real
zeros ỹN,j,ℓ = (yN,j,ℓ)

r+1 that can be ordered:

0 < yN,j,1 < yN,j,2 < . . . < yN,j,⌊N/(r+1)⌋.

Hence, there exist r + 1 polynomial sequences Q
[j]
N (z;N), with j = 0, 1, . . . , r, such that

QN(z;N) = zjQ
[j]
⌊N/(r+1)⌋(z

r+1;N) = zj
⌊N/(r+1)⌋∏

ℓ=1

(
zr+1 − ỹN,j,ℓ

)
,

with ⌊a⌋ denoting the floor function of a. This means that the Stieltjes transform given
above relates to the limiting distribution of the sequence of the (r+1) powers of the zeros(
{(yN,j,ℓ)

r+1}Nℓ=1

)
N≥0

as N → ∞. We are also interested in the limiting distribution of the

zeros
(
{yN,j,ℓ}Nℓ=1

)
N≥0

. The Stieltjes transform, say Ĝ, of the limiting zero distribution of

the latter is therefore the pullback of G under the map z 7→ zr+1 and they are related by

G(z) = (r + 1)zr lim
N→∞

1

(r + 1)N + k

∂yQ
[k]
N (y; (r + 1)N + k)

Q
[k]
N (y; (r + 1)N + k)

∣∣∣∣∣
y=zr+1

= (r + 1)zrĜ(zr+1).

Hence,

Ĝ(z) = 1

r(r + 1) z

(
−1 +

(r + 1)

γ

1

(F (z)Ar(F (z)))
1
γ

∫ F (z)

0

(uAr(u))
1/γ 1

u
du

)
.

3.3 Connection with free probability via S-transform
The Stieltjes transform of a probability measure µ on the real line,

G(z) =
∫
R

dµ(x)

z − x
,

is analytic on C\supp(µ) where supp(µ) denotes the support of µ, which is assumed to
be a compact set in C. Let

M(z) =
1

z
G(1/z)− 1,

then M(z) + 1 is the moment generating function of µ, with

M(z) =
∞∑
n=1

mnz
n, mn =

∫
R
xn dµ(x).

If M−1 is its functional inverse function, then the S-transform is

S(u) = u+ 1

u
M−1(u).
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The S-transform is an important notion in free probability, see [25] [29]. For instance,
the free multiplicative convolution µ1 ⊠ µ2 of two measures µ1 and µ2 on R+ satisfies

S(µ1 ⊠ µ2, u) = S(µ1, u)S(µ2, u).

See the Appendix for the S-transform of a few relevant measures.
Our goal is to describe the S-transform of the zero limiting distribution of the rescaled

polynomial sequence (Qn(z))n≥0, based on the corresponding G-transform given in Theo-
rem 1.2. Observe that (1.11) can be expressed as

zG(z) = g(F (y)) + 1, (3.6)

where y = zr+1 and

g(y) = −r + 1

r

(
1− 1

γ

(
1

yAr(y)

)1/γ ∫ y

0

(uAr(u))
1/γ 1

u
du

)
, (3.7)

with Ar(u) =
∏r

j=1(1− αju).

Proposition 3.1. The S-transform of the zero limiting distribution of the rescaled poly-
nomial sequence (Qn(z))n≥0 is given by

S(w) = w + 1

w
g−1(w) Ar(g

−1(w)), (3.8)

where g−1 denotes the inverse function of g in (3.7).

Proof. From Theorem 1.2, we have

zG(z)− 1 = −r + 1

r

(
1− 1

γ

1

(F (y)Ar(F (y)))
1
γ

∫ F (y)

0

(uAr(u))
1/γ 1

u
du

)
,

which corresponds to (3.6) with g(y) as in (3.7). Consider the change of variable z → 1/z
to obtain the M -transform via M(y) = 1

z
G
(
1
z

)
− 1 and this corresponds to

M(y) = −r + 1

r

(
1− 1

γ

1

(F (1/y)Ar(F (1/y)))
1
γ

∫ F (1/y)

0

(uAr(u))
1/γ 1

u
du

)
.

Take into account the definition of g to write M(y) = (g ◦ F )(1/y) and therefore its
inverse is

M−1(w) =
1

(F−1 ◦ g−1) (w)
.

Recall that

F−1(y) =
1

yAr(y)

to find
M−1(w) = g−1(w) Ar(g

−1(w)).

Use S(w) = w+1
w

M−1(w), to obtain (3.8).
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Note that the expression for the S-transform in Proposition 3.1 does not depend on
the algebraic function F . When γ = 1,

g(y) = −r + 1

r

(
1− 1

yAr(y)

∫ y

0

Ar(u)du

)
,

which is a rational function in y. Therefore the G-transform is a rational function in F (y),
but the S-transform might be a challenge to compute, since it involves the computation
of the inverse function of the rational function g. However, particular choices of αj lead
to explicit and even rational expressions for the S-transform. Some examples are worked
out in detail in Section 4. When the S-transform is known and is a rational function, then
it is possible to relate the asymptotic zero distribution to that of certain hypergeometric
type polynomials, based on the result below.

Theorem 3.2. [24, Theorem 3.9] For s, t ∈ Z≥0, let an ∈ Rs and bn ∈ Rt be such that
finite limits

lim
n→∞

1

n
an = Ã = (Ã1, . . . , Ãs) ∈ Rs and lim

n→∞

1

n
bn = B̃ = (B̃1, . . . , B̃t) ∈ Rt

exist. Assume additionally that Ãj /∈ [−1, 0), B̃k ̸= −1 and Ãj ̸= B̃k for all j ∈ {1, . . . , s}
and k ∈ {1, . . . , t}. Then any weak∗ limit µ of the normalized zero-counting measures
χ(pn) of the sequence

pn(x) = s+1Ft

(
−n, an

bn

;nt−sx

)
is a positive probability measure compactly supported on C for which in a neighborhood
of the origin, the corresponding S-transform is given by

Sµ(z) =

s∏
j=1

(z + Ãj + 1)

t∏
k=1

(z + B̃k + 1)

.

We refer to the Appendix for a specific discussion regarding some relevant distribu-
tions.

4 Examples

We start with some degenerate cases, revisiting some known results.

4.1 A degenerate case where α1 = . . . = αr and γ = r

We analyze this particular and degenerate case when γ = r and α1 = . . . = αr = α.
Hence, the recurrence coefficients present the same asymptotic behavior. It is therefore a
degenerate case. The problem here is similar to the one studied in [27, Thm 1.2] and also
appeared in the study of Laguerre-Angelesco polynomials in [16].

Under these assumptions (2.25)-(2.26) reads as

1 = Φ(z) (z − αΦ(z))r ,
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where Φ(z) := Φ(z; 1) := zF (y). After the substitution, we get

1 = yF (y) (1− αF (y))r .

By Theorem 1.2, the corresponding G-transform given in (1.10) (see also (3.6)-(3.7))
corresponds to

zG(z) = g(F (y)) + 1 =
1

1− αF (y)
,

since
g(y) =

αy

1− αy
.

Therefore, G(z) is a solution of the equation

(zG(z))r+1 − y

α
((zG(z))− 1) = 0.

By Proposition 3.1, the S-transform is given by (3.8), where in this case the inverse
function of the function g is

g−1(w) =
w

α(1 + w)
,

and hence

S(w) = 1

α

1

(w + 1)r
.

This is the S-transform of the Fuss-Catalan distribution, up to a factor 1/α, which means
that S is the S-transform of the Fuss-Catalan distribution on [0, α(r + 1)r+1/rr].

We take into account [24, Theorem 3.9 ] (see Theorem 3.2) to conclude that the asymp-
totic zero distribution of (Qn(x))n≥0 coincides with that of an hypergeometric polynomial

1Fr

(
−n

b1, . . . , br
;nrx

)
,

where b1, . . . , br are real constants.
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4.2 A degenerate case where α1 = . . . = αr and γ = 1

We analyze another particular case where, like the previous one, all recurrence coefficients
present the same asymptotic behavior, that is α1 = . . . = αr = α, but now we assume
γ = 1. We include this example here for a matter of completion. Finding an explicit
expression for the S-transform is not straightforward as in the previous case, although
the corresponding inverse Stieltjes transform presents a similar behavior.

Under these assumptions (2.25)-(2.26) reads again as

1 = Φ(z) (z − αΦ(z))r ,

where Φ(z) := Φ(z; 1) := zF (y). After the substitution, we get

1 = yF (y) (1− αF (y))r .

Recall relations (3.6)-(3.7) in Theorem 1.2 to deduce that G-transform is given by

zG(z) = 1

rαF (y) (1− αF (y))r
− 1

rαF (y)
=

y

rα
− 1

rαF (y)
.

Therefore, G(z) is a solution of the equation(
zr+1 − rαzG(z)

zr+1 − rαzG(z)− α

)r+1

−
(

zr+1

zr+1 − rαzG(z)− α

)
= 0

If we set

W = W (z) :=
zr+1 − rαzG(z)

zr+1 − rαzG(z)− α

or, equivalently,

G(z) = zr

rα
− 1

rz

(
1 +

1

W (z)− 1

)
,

then

W r+1 − zr+1

α
(W − 1) = 0

holds. We seek a solution of the form W = ρeiθ with θ real and ρ > 0. We compare real
and imaginary parts to obtain the parametric representation

ρ =
sin((r + 1)θ)

sin(rθ)
and y =

α(sin(r + 1)θ)r+1

(sin rθ)r sin(θ)
, with θ ∈ (0, π/(r + 1)).

We compute the inverse Stieltjes transform of G by taking into account that W− =
ρe−iθ and W+ = ρeiθ are both solutions of the algebraic equation above. Based on this,
we have

σr(x
r+1) =

1

2πi
lim
ϵ→0+

(G(x+ iϵ)− G(x− iϵ)) =
W− −W+

2πi r z |W − 1|2
.

Hence, we obtain a representation for the density in parametric form, representing the
limiting zero distribution, precisely[

0, π
(r+1)

]
−→

(
0, (r+1)r+1

rr

]
× [0,+∞)

θ 7−→ (y(θ) , σr(y(θ)))
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where

σr(y(θ)) =
1

π r y(θ)

ρ(θ) sin θ

ρ(θ)2 − 2ρ(θ) cos θ + 1
,

and

ρ(θ) =
sin((r + 1)θ)

sin(rθ)
and y(θ) := xr+1(θ) =

α sin((r + 1)θ))r+1

sinr(rθ) sin(θ)
, for θ ∈ (0, π/(r+1)).
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The S-transform
Set zG(z) = v + 1 then we have y = v+1

vS(v) . Now recall the equation for zG(z) to
conclude that

v + 1

vS(v)

(
v + 1

vS(v)
− rα(v + 1)− α

)r

− α

(
v + 1

vS(v)
− rα(v + 1)

)r+1

= 0.

We further note that the asymptotic zero densities that we obtained here are closely
related to those in [27, Thm 1.2], which describe the asymptotic zero distribution of
multiple Laguerre polynomials of type II of the first kind (see [14, §23.4.1]) when the
multi-index lies on the diagonal.

4.3 Case where αj = α ̸= α1 for j = 2, . . . , r

When αj = α for j = 1, . . . , r − 1 and αr = (r + 1)α, it follows from Theorem 1.1 that
the ratio asymptotic in (1.7) is described by the function Φ(z) := zF (y) satisfying the
equation

1 = yF (y)Ar(F (y)) where Ar(u) = (1− αu)r−1(1− (r + 1)αu). (4.1)
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If we set

W (y) =
r

(r + 1)(1− αF )
or F (y) =

1

α
− r

α(r + 1)W (y)
,

then (4.1) implies that W satisfies

W r+1 + (r + 1)ŷ W 2 − (2r + 1)ŷ W + rŷ = 0.

We want to find the branch points of the latter algebraic equation in W and these are
the zeros of the discriminant Dfr(W )(ŷ) in W of the latter equation, which is the resultant
Res(f ′

r(W ), fr(W )) between fr(W ) and f ′
r(W ) := ∂Wfr(W ) where

fr(W ) = W r+1 + (r + 1)ŷW 2 − (2r + 1)ŷW + rŷ.

Since fr(W ) = 1
r+1

(p(W ) +Wf ′
r(W )), where

p(W ) =
(
r2 − 1

)
ŷW 2 − r(2r + 1)ŷW + r(r + 1)ŷ,

we find

Res(f ′
r(W ), fr(W )) =

1

r + 1
Res(f ′

r(W ), p(W )).

Note that deg p(W ) = 2 and has two roots at W− and W+. Thus,

Res(f ′
r(W ), p(W )) = (r − 1)r(r + 1)r ŷr f ′

(
2r2+r−

√
5r+4

√
r

2(r2−1)

)
f ′
(

2r2+r+
√
5r+4

√
r

2(r2−1)

)
and hence

Dfr(W )(ŷ) = (−1)r(r+1)/2(r − 1)r(r + 1)r−1ŷr f ′
r

(
2r2+r−

√
5r+4

√
r

2(r2−1)

)
f ′
r

(
2r2+r+

√
5r+4

√
r

2(r2−1)

)
.

Note that for r ≥ 2 the discriminant has a zero of order r at ŷ = 0 and two other zeros
at ŷ = ŷr− < 0 and another at ŷ = ŷr+ > 0 which are given by

ŷr,± = 2−r
(
2r ±

√
5r + 4

√
r + 1

)(2r2 + r ∓
√
5r + 4

√
r

r2 − 1

)r

.

Hence, y±,r =
(

r
r+1

)r
α ŷ±,r are branch points of zG(z) in equation (4.4):

yr,± = 2−r
(
2r ±

√
5r + 4

√
r + 1

)2r + 1∓
√

5r+4
r

r − 1

r

α, (4.2)

whose first values are

yr− yr+

r = 2
(
5− 7

√
7

2

)
α

(
5 + 7

√
7

2

)
α

r = 3
(471−133

√
57)

72
α

(471+133
√
57)

72
α

r = 4
(

129
16

− 137
3
√
6

)
α

(
129
16

+ 137
3
√
6

)
α

r = 5
(612595−124091

√
145)α

64000

(612595+124091
√
145)α

64000

(4.3)
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If we write W = ρeiθ and compare the real and imaginary parts we obtain{
ρr+1 cos(r + 1)θ + (r + 1)ŷρ2 cos(2θ)− (2r + 1)ŷρ cos θ + rŷ = 0,

ρr+1 sin(r + 1)θ + (r + 1)ŷρ2 sin(2θ)− (2r + 1)ŷρ sin θ = 0,

which gives 
(r + 1)ρ2 sin(r − 1)θ − (2r + 1)ρ sin rθ + r sin(r + 1)θ = 0,

ŷ =
ρr sin(r + 1)θ

((2r + 1)− 2(r + 1)ρ cos(θ)) sin θ
.

We are interested in the positive solution that vanishes at θ = π
r+1

, and that is

ρ =

(
2(2r + 1) sin(rθ)−

√
−8r(r + 1) cos(2θ)− 2 cos(2rθ) + 2(2r + 1)2

)
4(r + 1) sin((r − 1)θ)

.

Theorem 1.2 then describes the Stieltjes transform of the limiting zero distribution,
which in this case can be written as

G(z) = 1

z

(
1

1− α(r + 1)F (y)

)
,

and thus, it is a solution of the algebraic equation

α((r + 1)zG(z))r+1 = (r + 1)y(zG(z)− 1)(rzG(z) + 1)r−1, (4.4)

precisely, the solution that behaves as 1/z as z → ∞.
In order to describe an explicit solution, we first consider the change of variable

W = 1− 1

r
(
zG(z) + 1

r

) or G(z) = − 1

rz

(
1

W − 1
− 1

)
(4.5)

and we set ŷ =
(

r
r+1

)r y
α
. The density for the limiting zero distribution corresponds to

the inverse Stieltjes transform of G, that is σ : (0, ŷr,+] → R with

σr(x) =
1

2πi
lim
ϵ→0+

(G(x+ iϵ)− G(x− iϵ)) ,

with x real. We take into account (4.5), which gives

G(z) = − 1

rz

(
W − 1

|W − 1|2
− 1

)
=

1

rz

−ρe−iθ

(ρ2 − 2ρ cos(θ) + 1)
+

1

rz
.

Therefore, the limiting zero distribution can be represented in parametric form as follows[
0, π

(r+1)

]
−→

(
0, (r+1)r+1

rr

]
× [0,+∞)

θ 7−→ (y(θ) , σr(y(θ)))
(4.6a)

where

σr(y(θ)) =
1

π

ρ(θ) sin(θ)

ry(θ) (−2ρ(θ) cos(θ) + ρ(θ)2 + 1)
(4.6b)
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and

ρ(θ) =

(
2(2r + 1) sin(rθ)−

√
−8r(r + 1) cos(2θ)− 2 cos(2rθ) + 2(2r + 1)2

)
4(r + 1) sin((r − 1)θ)

(4.6c)

y(θ) := xr+1(θ) =
α
(
r+1
r

)r
ρ(θ)r

−2(r + 1) cos(θ)ρ(θ) + 2r + 1

sin((r + 1)θ)

sin(θ)
. (4.6d)
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j = 1, . . . , r − 1 and αr = (r + 1)α.

Here zr = (yr)
1

r+1 and

y2 =
(10+7

√
7)

27
, y3 =

(471+133
√
57)

972
, y4 =

43
72

+
137

√
2
3

81
,

y5 =
612595+124091

√
145

864000
, y6 =

7475156+2651881
√
51

9112500
, y7 =

104324941+16456635
√
273

112021056

The asymptotic behavior as θ approaches 0 or π
r+1

is given by

σr(y(θ)) =


ar θ +O(θ2), θ → 0+,

br

(
π

r + 1
− θ

)−r (
1 +O

(
π

r + 1
− θ

))
, θ →

(
π

r+1

)−
,

where

ar =
rr−1

(
2r + 1− 2(r + 1)cr

)
πα (r + 1)r+1c r−1

r (1− cr)2
, with cr =

r(2r + 1)−
√

r(5r + 4)

2(r2 − 1)
,

br =

(2r + 1)r sin r+1

(
π

r + 1

)
πα (r + 1)2r

.
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In order to get the corresponding S-transform associated with this G-transform, we
write

G(z) = 1

z
(H(F (y)) + 1) , where H(u) =

1

1− α(r + 1)u
− 1.

Based on Proposition 3.1, we compute the inverse function

g−1(w) =
w

α(r + 1)(w + 1)

and, hence, we conclude that

S(w) =
rr−1

(
w + r+1

r

)r−1

α(r + 1)r (w + 1)r
=

rr−1

α(r + 1)r

(
w + r+1

r

)r−1

(w + 1)r
.

We take into account [24, Theorem 3.9 ] (see Theorem 3.2) to conclude that the asymp-
totic zero distribution of (Qn(x))n≥0 coincides with that of an hypergeometric polynomial

rFr

(
−n, n

r
+ a1, . . . ,

n
r
+ ar−1

b1, . . . , br
;nx

)
,

where a1, . . . , ar−1, b1, . . . , br are real constants, and we write

Qn(x) ≃
(−1)n(b1)n · · · (br)n

(n
r
+ a1)n · · · (nr + ar)n

rFr

(
−n, n

r
+ a1, . . . ,

n
r
+ ar−1

b1, . . . , br
;nx

)
,

meaning that the two sequences share the same asymptotic zero limiting distribution.
The two sequences are not the same.

Particular case of a threefold symmetric polynomial sequence

One particular polynomial sequence satisfying (1.1)-(1.4) for r = 2 was studied in detail
in [20, §3.1]. For that case, the recurrence coefficients are

γ2n := γ2n(µ) =
2

3

(n+ 1)(2n+ 1)

(3n+ µ+ 2)

γ2n+1 := γ2n+1(µ) =
2

3

(n+ 1)(2n+ 3)(n+ µ+ 1)

(3n+ µ+ 2)(3n+ µ+ 5)
,

and, thus

γn ∼ 2

3j+2
n if n = j mod 2,

with µ > −1. The choice µ = 1 gives linear coefficients γ2n = 2
9
(2n+1) and γ2n+1 =

2
27
(2n+ 3).

The polynomials satisfying the recurrence relation (1.1) are given by

P3n+k(x;µ) =
(−1)n (ck)n(
n
2
+ a

3
+ bk

)
n
2F2

(
−n, n

2
+ a

3
+ bk

ck
;x3

)
, for k = 0, 1, 2 and n ≥ 0,

with a = µ+ 3(−1)n+5
4

, b0 = 0, b1 =
1
4
, b2 = 1 and c1 = (1

3
, 2
3
), c2 = (2

3
, 4
3
) and c0 = (4

3
, 5
3
).

This is indeed a particular example that falls in the framework of the specification in
this section. Particularly, one has that Φ(z, t) = t−2/3Φ(zt−1/3, 1) with Φ(z, 1) := zF (y)

28



and y = z3 satisfying the algebraic equation (4.1) with r = 2. The algebraic function
F lives on a three-sheeted Riemann-surface R = R1 ∪ R2 ∪ R3 and the projections of
F to the three sheets R1,R2,R3 correspond to three solutions F1, F2, F3 of the algebraic
equation. The branch points of the algebraic equation are described in (4.2)-(4.3) with
r = 2. Precisely, in this case, the branch points are

c∗0 = 02, c∗1 =
10 + 7

√
7

27
, c∗2 =

10− 7
√
7

27
.

The sheets R1 and R2 are glued together along the interval [0, c∗1], the sheets R2 and R3

are glued together along the interval [c∗2, 0]. The three branches of F have the asymptotic
behavior 

F1(y) = O(1/y),

F2(y) =
9
2
+ o(1),

F3(y) =
27
2
+ o(1),

when y → ∞.
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Figure 1: Density in red of the inverse Stieltjes transform of Ĝ and G and histogram for
the 300 real roots (on the left) of Q900(z) and the roots (on the right) of the 300 positive

zeros of Q
[0]
300(z

3) := Q900(z) with µ = 3. The small blue dots in the horizontal axis
represent those roots.

For this concrete example we are able to numerically compute the zeros of the poly-
nomials and analyze the histogram for the zero counting measure. The scaled polynomial
Q900(z; 900) is a polynomial Q

[0]
300(z

3) of degree 300 in z3. For the choice of µ = 3, the
histogram is plotted below. The red curves correspond to the densities of the cubic roots
given in parametric form in (4.6a)-(4.6d) with r = 2 (which are of course independent of
the value of µ). An algebraic expression can be obtained by using Cardano’s formula for
solving the cubic equation for the Stieltjes transform and choosing the correct branch.
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From here we obtain its inverse transform which leads to the following expression for the
density:

σ(y) =
7
√
3

12π

(
f+(y)− f−(y)

)(
f−(y) + f+(y) +

1√
7

)
where

f±(y) =

√
7

7

3

√
9 + 10y ± 3

√
9 + 20y − 27y2

y

with y ∈ (0, 10+7
√
7

27
].

30



Appendix

A Marchenko-Pastur distribution

The Marchenko-Pastur distribution MP (λ, σ2) describes the distribution of eigenvalues
of random matrices from the Wishart ensemble [21]. It is given by the density

wMP (x) =
1

2πσ2

√
(λ+ − x)(x− λ−)

λx
, λ− ≤ x ≤ λ+, (A.1)

where λ± = σ2(1±
√
λ)2 and 0 < λ ≤ 1. If λ > 1 then one needs to add a dirac measure

at the origin and consider (1 − 1/λ)δ0 + wMP . This is also the asymptotic distribution

of the zeros of Laguerre polynomials L
(α)
n (nx) for which the parameter α = αn grows in

such a way that limn→∞ αn/n = a > −1 [11]. In that case σ2 = 1 + a and λσ2 = 1. The
Stieltjes transform is

G(z) =
z − σ2(1− λ)−

√
(z − σ2(λ+ 1))2 − 4λσ4

2λzσ2
, (A.2)

the R-transform is

R(z) =
σ2

1− σ2λz
, (A.3)

and the S-transform is

S(u) = 1

σ2(1 + λu)
. (A.4)

B Kesten-McKay distribution

The Kesten-McKay distribution KM(a, b) appears in random walks and random graph
theory [15, 22] but also gives the distribution of eigenvalues of certain random matri-

ces and the asymptotic distribution of the zeros of Jacobi polynomials P
(αn,βn)
n when

limn→∞ αn/n = a ≥ 0 and limn→∞ βn/n = b ≥ 0 [10]. We will use the non-symmetric
version, with density

wKM(x) =
2

Cπ

√
(x− λ−)(λ+ − x)

x(1− x)
, λ− ≤ x < λ+, (B.1)

where 0 ≤ λ− < λ+ ≤ 1 and

C = (
√

λ− −
√

λ+)
2 + (

√
1− λ− −

√
1− λ+)

2.

For the asymptotic distribution of the zeros of Jacobi polynomials on [0, 1], one has

λ± =
(a+ 1)(a+ b+ 1) + b+ 1± 2

√
(a+ 1)(b+ 1)(a+ b+ 1)

(a+ b+ 2)2

and a, b ≥ 0. This gives a mapping between (λ−, λ+) and (a, b) and some of the formulas
are more easily expressed in terms of (a, b). The moments for the (symmetric) Kesten
distribution are given in [12]. The Stieltjes transform is

G(z) =
(a+ b)z − a− (a+ b+ 2)

√
(z − λ−)(z − λ+)

2z(1− z)
, (B.2)
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and the S-transform is

S(u) = u+ a+ b+ 2

u+ a+ 1
. (B.3)

If a < 0 or b < 0 then one has to add dirac distributions at 0 and/or 1. For instance
for 0 < λ < 1 the distribution

λδ1 + (1− λ)KM

(
a

1− λ
,

λ

1− λ

)
has S-transform

S(u) = u+ 2 + a− λ

u+ 1 + a
, (B.4)

which corresponds to (B.3) with b = −λ. Furthermore the distribution

λδ0 + (1− λ)KM

(
λ

1− λ
,

b

1− λ

)
has S-transform

S(u) = u+ 2 + b− λ

u+ 1− λ
, (B.5)

which corresponds to (B.3) for a = −λ. Finally, for λ1, λ2 > 0 and λ1 + λ2 < 1 the
distribution

λ1δ0 + λ2δ1 + (1− λ1 − λ2)KM

(
λ1

1− λ1 − λ2

,
λ2

1− λ1 − λ2

)
has S-transform

S(u) = u+ 2− λ1 − λ2

u+ 1− λ1

, (B.6)

which corresponds to (B.3) with a = −λ1 and b = −λ2.

C The Fuss-Catalan distribution

The Fuss-Catalan numbers are

Ck =
1

kp+ 1

(
kp+ k

k

)
, k ∈ N,

with p a positive integer. They are the moments of the Fuss-Catalan distribution. The
density is given by (see, e.g., [26, Thm. 3.3])

v(x) =
sin2 φ sinp−1 pφ

π sinp(p+ 1)φ
, 0 < x <

(p+ 1)p+1

pp
,

where

x =
sinp+1(p+ 1)φ

sinφ sinp pφ
.

If G(z) is the Stieltjes transform of the Fuss-Catalan distribution, then w = zG(z) satisfies
the algebraic equation

wp+1 − zw + z = 0.
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The moment generating function M(z) = 1/zG(1/z)− 1 hence satisfies the equation

z(M+ 1)p+1 −M = 0, (C.1)

so that the inverse function is

M−1(u) =
u

(u+ 1)p+1
,

and the S-transform is

S(u) = 1

(u+ 1)p
. (C.2)

Hence the Fuss-Catalan distribution is a p-fold free multiplicative convolution of the
Marchenko-Pastur distribution (σ2 = 1, λ = 1).

The Fuss-Catalan distribution appears as the limiting distribution of singular values
of a product of Ginibre random matrices [9] and as the limiting distribution of the zeros
of multiple Laguerre polynomials [27].
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[18] A. López-Garćıa, G. López Lagomasino, Nikishin systems on star-like sets: ratio
asymptotic formulae for the associated multiple orthogonal polynomials, J. Approx.
Theory 225 (2018), 1–40.
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